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Chapter 8

Local Search Methods

Holger H. Hoos and Edward Tsang

Local search is one of the fundamental paradigms for solvingcomputationally hard combi-
natorial problems, including the constraint satisfactionproblem (CSP). It provides the basis
for some of the most successful and versatile methods for solving the large and difficult
problem instances encountered in many real-life applications. Despite impressive advances
in systematic, complete search algorithms, local search methods in many cases represent
the only feasible way for solving these large and complex instances. Local search algo-
rithms are also naturally suited for dealing with the optimisation criteria arising in many
practical applications.

The basic idea underlying local search is to start with a randomly or heuristically gener-
ated candidate solution of a given problem instance, which may be infeasible, sub-optimal
or incomplete, and to iteratively improve this candidate solution by means of typically mi-
nor modifications. Different local search methods vary in the way in which improvements
are achieved, and in particular, in the way in which situations are handled in which no
direct improvement is possible.

Most local search methods use randomisation to ensure that the search process does not
stagnate with unsatisfactory candidate solutions and are therefore referred to asstochastic
local search(SLS) methods. Prominent examples of SLS methods are randomised iterative
improvement (also known as stochastic hill-climbing), evolutionary algorithms, simulated
annealing, tabu search, dynamic local search and, more recently, ant colony optimisation.
These classes of local search algorithms are also widely known asmetaheuristics.

Many SLS methods are conceptually rather simple and relatively easy to implement
compared to many other techniques. At the same time, they often show excellent perfor-
mance and in many cases define the state-of-the-art in the respective problems.1 Further-
more, SLS algorithms are often very flexible in that they can be easily adapted to changes
in the specification of a problem. This makes them a very popular choice for solving
conceptually complex application problems that are sometimes not fully formalised at the

1Still, the efficient implementation of some high-performance SLS algorithms requires considerable effort
and sophisticated data structures (see,e.g., [79]).
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beginning of a project. Consequently, SLS algorithms are amongst the most prominent and
widely used combinatorial problem solving techniques in academia and industry.

It may be noted that when taking a very broad view of constraint programming, many
combinatorial problems, including scheduling, sequencing, configuration and routing prob-
lems, can be seen as constraint programming problems. Localsearch algorithms for these
problems are widely studied by researchers from various disciplines, and the correspond-
ing, vast body of literature would be difficult (if not impossible) to survey within a single
book chapter.

Therefore, this chapter primarily provides an overview of SLS algorithms for the con-
straint satisfaction problem (CSP), one of the most prominent problems in constraint pro-
gramming. We focus on widely known and high-performing algorithms for the general
CSP and for SAT, the propositional satisfiability problem, aspecial case of CSP which
plays an important role not only in constraint programming and reasoning research, but
also in many other areas of computing science and beyond. We also briefly cover SLS
algorithms for constraint optimisation problems such as MAX-CSP and MAX-SAT, the
optimisation variants of CSP and SAT, respectively, and point the reader to some of the
best-known frameworks and toolkits for implementing localsearch algorithms for con-
straint programming problems.

8.1 Introduction

Constraint programming is a powerful conceptual frameworkthat can express many types
of combinatorial problems. In this chapter, we mainly focuson thefinite discrete con-
straint satisfaction problem (CSP), a problem of central importance within the area of con-
straint programming with many applications in artificial intelligence, operations research
and other areas of computing science and related disciplines.

The Constraint Satisfaction Problem (CSP)

An instance of the CSP is defined by a set of variables, a set of possible values (ordomain)
for each variable and a set ofconstraintseach of which involve one or more of the variables.
TheConstraint Satisfaction Problem (CSP)is to decide for a given CSP instance whether
it is possible to assign to each variable a value from its respective domain such that all
constraints are simultaneously satisfied. Formally, this can be expressed as follows [52]:

Definition 8.1. A CSP instanceis a triple P = (V,D, C), whereV = {x1, . . . , xn} is a
finite set ofn variables,D is a function that maps each variablexi to the setDi of possible
values it can take (Di is called thedomain ofxi), andC = {C1, . . . , Cm} is a finite set of
constraints. Each constraintCj is a relation over an ordered setVar(Cj) of variables from
V , i.e., forVar(Cj) = (y1, . . . , yk), Cj ⊆ D(y1) × · · · × D(yk). The elements of the set
Cj are referred to assatisfying tuples ofCj , andk is called thearity of the constraintCj .
A CSP instanceP is calledn-ary, if the arity of all constraints inP have arity at mostn;
in particular, binary CSP instanceshave only constraints of arity at most two.

P is afinite discrete CSP instanceif all variables inP have discrete and finite domains.
A variable assignmentof P is a mappinga : V 7→

⋃n
i=1 Di that assigns to each variable

x ∈ V a value from its domainD(x). (The assignment of a value to an individual variable
is called anatomic assignment.) Let Assign(P ) denote the set of all possible variable



H. H. Hoos, E. Tsang 247

assignments forP ; then a variable assignmenta ∈ Assign(P ) is a solution ofP if, and
only if, it simultaneously satisfies all constraints inC, i.e., if for all Cj ∈ C with, say,
Var(Cj) = (y1, . . . , yk) the assignmenta mapsy1, . . . , yk to valuesv1, . . . , vk such that
(v1, . . . , vk) ∈ Cj .

CSP instances for which at least one solution exists are calledconsistent(or soluble),
while instances that do not have any solutions are calledinconsistent(or insoluble).

Thefinite discreteCSP is the problem of deciding whether a given finite discreteCSP
instanceP is consistent.

The Propositional Satisfiability Problem (SAT)

The well-known satisfiability problem in propositional logic (SAT) can be seen as a promi-
nent special case of the general CSP. Consider a propositional formulaF in conjunctive
normal form,i.e., of the form

F :=

m
∧

i=1

ci with ci :=

k(i)
∨

j=1

lij

where each of thelij is a propositional variable or its negation; thelij are calledliterals,
while the disjunctionsci are referred to as theclausesof F . The objective of the satis-
fiability problem is then to decide whetherF is satisfiable, i.e., whether there exists an
assignmenta of truth valuestrue andfalseto the variablesxk such that every clause con-
tains at least one literal rendered true bya. Obviously, this corresponds to a CSP instance
where all variables have domains{true, false} and for every clauseci there is a constraint
Ci between the variables appearing inci that is satisfied if, and only if,ci is satisfied under
the (partial) assignment of its variables. Hence, a clause with k literals corresponds to a
k-ary constraint relation.

As the prototypicalNP -complete problem, SAT is of central importance to the theory
of computing; it also plays an important role in circuit design and verification (see,e.g.,
Biere et al. [6] or Gu and Puri [37]). Other practical applications of SAT include various
scheduling tasks [126, 15] as well as problems from machine vision, robotics, database
systems and computer graphics [38]. SAT also plays in important role in the development
of algorithms; its conceptual simplicity facilitates the design, implementation and evalu-
ation of new algorithms. Particularly with respect to localsearch algorithms, many ideas
and techniques have been first developed for SAT, before theywere generalised to more
general types of CSP instances.

SAT-Encodings of CSP

CSP instances can be encoded into SAT in a number of ways (see,e.g., Prestwich [84] or
Hoosand Stützle [52] for an overview), and using such encodings, arbitrary CSP instances
can be solved by state-of-the-art SAT solvers, including powerful local and systematic
search algorithms as well as preprocessing techniques. Themain appeal of this approach
stems from the previously mentioned advantages of SAT for algorithm development and
implementation in combination with the substantial amountof research on SAT solving
techniques. SAT encodings may, however, lead to potentially significant increases in the
size of problem instances and the respective search spaces;more problematically, they
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can obfuscate structural aspects of CSP instances that are important for efficiently solving
these.

There is some evidence that the ‘encode and solve as SAT’ approach can work surpris-
ingly well (see,e.g., Kautz and Selman [58], Ernst et al. [24] and Hoos [48]); furthermore,
it has been shown that some encodings allow SAT-solvers to directly exploit important as-
pects of CSP structure [5]. However, it is still unclear whether and to which extent finding
good SAT-encodings is any easier than developing good native CSP algorithms — particu-
larly in the case of local search methods, which can often benefit directly from insights and
improvements achieved on SAT. It should be noted that the general issue ofmodelling(i.e.,
finding good formulations of a problem) plays an important role in constraint programming
(see Chapter 11).

Local Search

Given a combinatorial problem such as the CSP, the key idea behind local search is very
simple: starting at aninitial search position(for the CSP, typically a randomly chosen,
complete variable assignment), in eachstepthe search process moves to a position selected
from the local neighbourhood(typically based on a heuristic evaluation function). This
process is iterated until atermination criterionis satisfied. To avoid stagnation of the search
process, almost all local search algorithms use some form ofrandomisation, typically in
the generation of initial positions and in many cases also inthe search steps. This leads
to the concept ofstochastic local search (SLS) algorithms, which is formally defined as
follows [52]:

Definition 8.2. Given a (combinatorial) problemΠ, a stochastic local search algorithm
for solving an arbitrary problem instanceπ ∈ Π is defined by the following components:

• thesearch spaceS(π) of instanceπ, which is a finite set ofcandidate solutionss ∈ S
(also calledsearch positions, locations, configurations, or states) — in the case of
the CSP, this is typically the set of all complete variable assignments;

• a set of (feasible) solutionsS′(π) ⊆ S(π) — for the CSP, this set typically consists
of all solutions of the given CSP instance;

• a neighbourhood relationon S(π), N(π) ⊆ S(π) × S(π) — this determines the
positions that can be reached in one search step at any given time during the search
process;

• a finiteset of memory statesM(π), which, in the case of SLS algorithms that do not
use memory, may consist of a single state only, and in other cases holds information
about the state of the search mechanism beyond the search position (e.g., tabu tenure
values in the case of tabu search);

• an initialisation functioninit(π) : ∅ 7→ D(S(π) × M(π)), which specifies a prob-
ability distribution over initial search positions and memory states — this function
characterises the initialisation of the search process;

• a step functionstep(π) : S(π) × M(π) 7→ D(S(π) × M(π)) mapping each search
position and memory state onto a probability distribution over its neighbouring
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search positions and memory states — this function specifieswhat happens in ev-
ery search step;

• a termination predicateterminate(π) : S(π) × M(π) 7→ D({true, false}) mapping
each search position and memory state to a probability distribution over truth val-
ues, which indicates the probability with which the search is to be terminated upon
reaching a specific search position and memory state.

In the above,D(S) denotes the set of probability distributions over a given set S, where
formally, a probability distributionD ∈ D(S) is a functionD : S 7→ R+

0 that maps
elements ofS to their respective probabilities.

Note that this definition includes deterministic local search algorithms as special cases,
in which the probability distributions used in the initialisation and step function as well
as in the termination criterion are degenerate, with all probability mass concentrated on
one value of the underlying domain. As previously noted, completely deterministic local
search algorithms are seldom used in research or applications.

In the case of almost all local search algorithms for CSP, thesearch space consists of
all complete variable assignments of the given CSP instance, the solution set is comprised
of all satisfying assignments, and the so-called1-exchange neighbourhoodis used, under
which two assignments are direct neighbours if, and only if,they differ at most in the
value assigned to one variable. In the special case of SAT, a variant of this neighbourhood
relation known as the1-flip neighbourhoodis typically used, under which two assignments
are direct neighbours if, and only if, one can be obtained from the other by flipping the truth
value assigned to exactly one of the variable from true to false or vice versa. In many cases
the initial search position is determined by generating a variable assignment uniformly at
random, and the termination criterion is satisfied if a solution is found or a given bound on
the number of search steps has been exceeded.

The various local search algorithms for CSP (and SAT) differfrom each other mainly
with respect to their step function, which for all but the most simple (and ineffective) algo-
rithms incorporates heuristic guidance in the form of anevaluation function. This function
typically maps the candidate solutions of the given probleminstanceπ onto a real num-
ber such that its global minima correspond to the solutions of π. The evaluation function
is used for assessing or ranking the direct neighbours of thecurrent search positions. A
commonly used evaluation function for the CSP maps each assignment to the number of
constraints violated under it. Note that solutions are characterised by evaluation function
value zero, and can hence be easily recognised.

The simplest local search method that effectively uses a given evaluation functiong is
called Iterative Improvement(or II ; also known ashill-climbing or iterative descent). In
each search step, II selects animproving positionfrom the current neighbourhood,i.e., a
positions′ ∈ N(s) with g(s′) < g(s), wheres is the current search position. There are
various commonly used heuristics for selecting such an improving neighbour. InItera-
tive Best-Improvement, a neighbours′ with minimal valueg(s′) within N(s) is chosen;
if multiple such neighbours exist, one is chosen uniformly at random. InIterative First-
Improvement, on the other hand, the neighbourhood is evaluated in a givenorder, and the
first improving neighbour encountered during this process is selected as the next search po-
sition. Variants of Iterative Improvement form the basis for almost all local search methods
for CSP, SAT and other combinatorial problems.
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procedureMCH (P, maxSteps)
input: CSP instanceP, positive integermaxSteps
output: solution ofP or “no solution found”

a := randomly chosen assignment of the variables inP ;
for step:= 1 to maxSteps do

if a satisfies all constraints ofP then return a end
x := randomly selected variable from conflict setK(a);
v := randomly selected value from the domain ofx such that

settingx to v minimises the number of unsatisfied constraints;
a := a with x set tov;

end
return “no solution found”

endMCH

Figure 8.1: The basic MCH algorithm; all random selections are according to a uniform
probability distribution over the underlying sets.

The Min-Conflicts Heuristic

The simplest and probably most widely known iterative improvement algorithm for the
CSP is theMin Conflicts Heuristic (MCH)[76, 77]. MCH iteratively modifies the assign-
ment of a single variable in order to minimise the number of violated constraints, which is
achieved as follows (see also Figure 8.1): Given a CSP instanceP , the search process is
initialised by assigning to each variable inP a value that is chosen uniformly at random
from its domain. Then, in each local search step, first a CSP variablex is selected uni-
formly at random from the so-calledconflict setK(a), the set of all variables that appear
in a constraint that is unsatisfied under the current assignmenta. A new valuev is then
chosen from the domain ofx, such that by assigningv to x, the number of unsatisfied
constraints (conflicts) is minimised. If there are several values ofv with that property, one
of them is chosen uniformly at random. The search is terminated when a solution is found
or a user-specified bound on the number of search steps has been exceeded.

A variant of the basic MCH algorithm that uses a greedy initialisation procedure has
been very successfully applied to then-Queens Problem (a prominent special case of the
general CSP, for which specialized polynomial-time algorithms exist) with very largen
(say,n equals a million). Furthermore, the efficacy of MCH has been demonstrated in
applications to graph colouring and real-world schedulingproblems [77].

Like most iterative improvement methods, MCH can get stuck in local minima of the
underlying evaluation function; it is thereforeessentially incomplete[52], i.e., even if run
arbitrarily long, the probability for finding a solution to soluble CSP instance may ap-
proach a value strictly smaller than one. A simple generic approach for overcoming this
problem is to extend MCH with a static restart mechanism thatre-initialises the search
process everymaxSteps search steps, wheremaxSteps is a user-specified parameter of the
algorithm. Unfortunately, the performance of the resulting algorithm depends critically
and quite sensitively on good choices ofmaxSteps, which vary substantially between dif-
ferent CSP instances. Substantially more effective variants of the MCH will be discussed
later in this chapter.
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procedureGSAT(F, maxTries, maxSteps)
input: CNF formulaF, positive integersmaxTries andmaxSteps
output: model ofF or “no solution found”

for try := 1 to maxTries do
a := randomly chosen assignment of the variables in formulaF;
for step:= 1 to maxSteps do

if a satisfiesF then return a end
x := randomly selected variable flipping which minimises

the number of unsatisfied clauses;
a := a with x flipped;

end
end
return “no solution found”

endGSAT

Figure 8.2: The basic GSAT algorithm; all random selectionsare according to a uniform
probability distribution over the underlying sets.

The GSAT Algorithm

Basic GSAT[91] is a simple iterative best-improvement algorithm for SAT that uses the
number of clauses unsatisfied under a given assignment as itsevaluation function. The
algorithm works as follows (see also Figure 8.2): Starting from a complete variable assign-
ment chosen uniformly at random, in each local search step, asingle propositional variable
is flipped fromtrue to falseor vice versa. The variable to be flipped is chosen such that
a maximal decrease in the number of unsatisfied clauses is achieved; if there are several
variables with that property, one of them is selected uniformly at random. The iterative
best-improvement search used in GSAT gets easily stuck in local minima of the evaluation
function. Therefore, GSAT uses a simple static restart mechanism that re-initialises the
search at a randomly chosen assignment everymaxSteps flips. The search is terminated
when a model of the given formulaF has been found, or aftermaxTries sequences (also
called ‘tries’) ofmaxSteps variable flips each have been performed without finding a model
of F .

Straightforward implementations of GSAT are rather inefficient, since in each step the
scores of all variables,i.e., the changes in the number of unsatisfied clauses caused by the
respective flips, have to be calculated from scratch. The keyto efficiently implementing
GSAT is to compute the complete set of scores only once at the beginning of each try, and
then after each flip to update only the scores of those variables that were possibly affected
by the flipped variable (details on this mechanism can be found in Chapter 6 of Hoos and
Stützle [52]).

For any fixed setting of themaxTries parameter, GSAT is essentially incomplete [44,
47], and severe stagnation behaviour is observed on most SATinstances. Still, when it
was first introduced, GSAT outperformed the best systematicsearch algorithms for SAT
available at that time. As one of the first SLS algorithms for SAT, basic GSAT had a
very significant impact on the development of a broad range ofmuch more powerful SAT
solvers, including most of the current state-of-the-art SLS algorithms for SAT. Further-
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more, GSAT and its variants (described later in this chapter) also had a significant impact
on the development of high-performance SLS algorithms for the CSP.

8.2 Randomised Iterative Improvement Algorithms

The main limitation of iterative improvement algorithms stems from the fact that they
get stuck in local minima of the given evaluation function. Asimple approach to deal
with this problem is to occasionally allow non-improving search steps,i.e., the selection
of neighbourss′ ∈ N(s) with g(s′) ≥ g(s) from the current neighourhood. There are
numerous different mechanisms that implement this approach; many of these make use of
randomised decisions in order to balance the diversification effects of worsening search
steps with the search intensification provided by IterativeImprovement.

Randomised Iterative Improvement (RII)is an extension of Iterative Improvement where
in each step with a fixed probabilitywp, a positions′ is selected uniformly at random from
the current neighbourhoodN(s) — this is called arandom walk step; otherwise (i.e., with
probability 1 − wp), a standard II step is performed. Note that using this mechanism,
arbitrarily long sequences of (possibly worsening) randomwalk steps can be performed.
Therefore, as long as the given neighbourhood graph is connected (i.e., any two candi-
date solutions can be reached from each other by means of a sequence of search steps),
RII, when run arbitrarily long, will find a solution to any soluble problem instance with
probability approaching one,i.e., limt→∞ Ps(RT ≤ t) = 1, wherePs(RT ≤ t) is the
probability that a solution is found in time at mostt.2 Algorithms with this property are
calledprobabilistically approximately complete (PAC).

The Min Conflicts Heuristic with Random Walk (WMCH)

By extending the Min Conflicts Heuristic with a simple randomwalk mechanism, a ran-
domised iterative improvement algorithm calledWMCH is obtained [116]. In each WMCH
step, first a variablexi is chosen uniformly at random from the conflict set (as in MCH).
Then, with probabilitywp ≥ 0, a random walk step is performed,i.e., xi is assigned a
value from its domainDi that has been chosen uniformly at random. In the remaining
cases, that is, with probability1−wp, a conflict-minimising value is chosen and assigned,
as in a conventional MCH step.

The walk probabilitywp (also callednoise setting) has a critical impact on the be-
haviour of the algorithm. Forwp = 0, the algorithm is equivalent to the standard Min-
Conflicts Heuristic and hence essentially incomplete, but for wp > 0, WMCH is provably
probabilistically approximately complete (PAC). Intuitively, for low walk probabilities,
the search process is likely to have difficulties escaping from local minima regions of the
search space, while for very high walk probabilities, its behaviour starts to resemble that
of an uninformed random walk, and it will increasingly lack effective heuristic guidance
towards solutions. However, for suitably chosenwp settings, WMCH has been empirically
observed to perform substantially better than MCH with random restart [101].

2Most local search algorithms for CSP use connected neighbourhoods; however, for more complex constraint
programming problems, connected neighbourhoods that can be searched efficiently are sometimes difficult to
construct.



H. H. Hoos, E. Tsang 253

Random walk steps in WMCH always involve a variable that appears in a currently
unsatisfied constraint; they are therefore also calledconflict-directed random walk steps.
However, different from the GWSAT algorithm [92] (described in the following), which
preceded and inspired WMCH, the conflict-directed random walk steps in WMCH do not
necessarily render satisfied any previously unsatisfied constraint. WMCH can be varied
slightly such that in each random walk step, after choosing avariablexi involved in a
currently violated constraintC, xi is assigned a valuev such thatC becomes satisfied; if
no suchv exists, a value is chosen at random. This variant was found toperform marginally
better than the random walk mechanism used in WMCH [101].

GSAT with Random Walk (GWSAT)

The basic GSAT algorithm can be significantly improved by extending it with a random
walk mechanism similar to that used in WMCH. Here, in each conflict-directed random
walk step, the variable to be flipped is selected uniformly atrandom from the set of all
variables appearing in currently unsatisfied clauses. Notethat as a result of any such step,
at least one previously unsatisfied clause will become satisfied. This mechanism is closely
related to (and in fact inspired by) the conflict-directed random walk algorithm by Pa-
padimitriou, which has been proven to solve 2-SAT in quadratic expected time [80].

GSAT with Random Walk (GWSAT)[92] is variant of basic GSAT that in each local
search step probabilistically decides between performinga basic GSAT step and a conflict-
directed random walk step (as previously explained). The latter type of step is chosen with
a fixed walk probabilitywp, and basic GSAT steps are performed otherwise. While for
wp = 0, GWSAT is equivalent to basic GSAT, it has been proven to be probabilistically
approximately complete (PAC) for anywp > 0 [47].

For suitably chosen walk probability settings (which vary between problem instances,
but in many cases can be as high as 0.5), GWSAT achieves substantially better performance
than basic GSAT [92]. Furthermore, it has been shown that when using sufficiently high
noise settings, GWSAT does not suffer from stagnation behaviour; also, for hard SAT in-
stances, it typically shows exponential run-time distributions (RTDs) [44, 51]. Therefore,
static restarts are ineffective, and optimal speedup can beobtained by multiple indepen-
dent runs parallelisation [52]. For low noise settings, stagnation behaviour is frequently
observed; recently, there has been evidence that the corresponding RTDs can be charac-
terised by mixtures of exponential distributions [46].

WalkSAT

The WalkSAT algorithm is conceptually closely related to both GWSAT and MCH; it
was first published by Selman, Kautz and Cohen [92], and is nowcommonly known as
WalkSAT/SKC. This algorithm was later extended into an algorithmic framework called
the WalkSAT architecture[73], which includes the original WalkSAT/SKC algorithm as
well as several other high-performance SLS algorithms for SAT as special cases (several
of these will be covered in later sections of this chapter). Furthermore, variants of WalkSAT
have been developed for more general classes of CSP instances as well as for constraint
optimisation problems (see Section 8.6).

WalkSAT/SKC (and all other WalkSAT algorithms) are based ona 2-stage variable
selection process similar to that used in MCH. In each local search step, first a clausec
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is selected uniformly at random from the set of all currentlyunsatisfied clauses. Then,
one of the variables appearing inc is flipped to obtain a new assignment. The choice of
this variable is based on a heuristic scoring functionscoreb(x) that counts the number of
currently satisfied clauses that will be broken,i.e., become unsatisfied, by flipping a given
variablex. Using this scoring function, the following variable selection scheme is applied:
If there is a variablex with scoreb(x) = 0 in the clausec selected in stage 1, that is, ifc
can be satisfied without breaking another clause,x is flipped (this is called azero damage
step). If more than one such variable exists inc, one of them is selected uniformly at
random and flipped. If no such variable exists, with a certainprobability1-p, the variable
with minimal scoreb value is selected (greedy step; ties are broken uniformly at random);
in the remaining cases, that is, with probabilityp (the so-callednoise setting), one of the
variables fromc is selected uniformly at random (random walk step).

Note that — like in GWSAT, but unlike in MCH — every step in WalkSAT/SKC is
guaranteed to satisfy at least one previously unsatisfied clause (but may at the same time
cause many others to become unsatisfied). Otherwise, WalkSAT/SKC uses the same ran-
dom search initialisation, static random restart mechanism and termination criterion as
GSAT.

Although it has been proven that WalkSAT/SKC with fixedmaxTriesparameter has
the PAC property when applied to 2-SAT [16], it is not known whether the algorithm
is PAC in the general case. In practice, WalkSAT/SKC does notappear to suffer from
any stagnation behaviour when using sufficiently high (instance-specific) noise settings, in
which case its run-time behaviour is characterised by exponential RTDs [44, 51, 49]. As
in the case of GWSAT, stagnation behaviour is frequently observed for low noise settings,
and there is some evidence that the corresponding RTDs can becharacterised by mixtures
of exponential distributions [46].

Typically, when using (somewhat instance-specific) optimised noise settings, Walk-
SAT/SKC performs substantially better than GWSAT.3 Furthermore, because of its two-
stage variable selection scheme, WalkSAT/SKC (like all other WalkSAT algorithms and
MCH variants), can be implemented efficiently without usingthe incremental score update
technique essential for the efficient implementation of GSAT and GWSAT.

8.3 Tabu Search and Related Algorithms

The key idea behindTabu Search (TS)[35, 36] is to use memory to prevent the search
process from stagnating in local minima or, more generally,attractive non-solution ar-
eas of the given search space. InSimple Tabu Search, an iterative improvement strategy
is enhanced with a short-term memory that allows it to escapefrom local minima. This
memory is used to prevent the search from returning the most recently visited search po-
sitions for a fixed number of search steps. Simple TS can be implemented by explicitly
memorising previously visited candidate solutions and ruling out any step that would lead
back to those. More commonly, reversing recent search stepsis prevented by forbidding
the re-introduction of solution components (such as assignments of individual CSP vari-
ables) which have just been removed from the current candidate solution. A parameter

3Several techniques have been proposed for automatically tuning the noise setting for WalkSAT algorithms
(see Patterson and Kautz [83], Hoos [45]).
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calledtabu tenuredetermines the number of search steps for which these restrictions ap-
ply. Note that forbidding possible steps using a tabu mechanism has the same effect as
dynamically restricting the neighbourhoodN(s) of the current candidate solutions to a
subsetN ′ ⊆ N(s) of admissible neighbours.

As an undesirable side-effect, this tabu mechanism can sometimes rule out search steps
that lead to interesting, unvisited areas of the search space. Therefore, many tabu search
algorithms make use of a so-calledaspiration criterion, which specifies conditions under
which the tabu status of candidate solutions or solution components is overridden. One of
the most commonly used aspiration criteria overrides the tabu status of steps that lead to
an improvement in theincumbent candidate solution, i.e., the best candidate solution seen
throughout the search process.

Min Conflicts Heuristic with Tabu Search (TMCH)

Extending MCH with a simple tabu search mechanism leads to theTMCH algorithm [101,
98]. TMCH works exactly as MCH, except that after each searchstep,i.e., after the value
of a variablexi is changed fromv to v′, the variable/value pair(xi, v) is declared tabu
for the nexttt steps, wherett is the tabu tenureparameter. While(xi, v) is tabu, value
v is excluded from the selection of values forxi, unless assigningv to xi leads to an
improvement over the incumbent assignment (aspiration criterion).

According to empirical evidence, TMCH typically performs better than WMCH. In-
terestingly, a tabu tenure setting oftt = 2 was found to consistently result in good perfor-
mance for CSP instances of different types and sizes [101].

The Tabu Search Algorithm by Galinier and Hao (TS-GH)

Although conceptually quite similar to TMCH, the tabu search algorithm by Galinier and
Hao [29],TS-GH, typically shows much better performance. TS-GH is based onthe same
neighbourhood and evaluation function as MCH, but uses a different heuristic for selecting
the variable/value pair involved in each search step: Amongst all pairs(x, v′) for which
variablex appears in a currently violated constraint andv′ is any value from the domain
of x, TS-GH chooses the one that leads to a maximal decrease in thenumber of violated
constraints. If multiple such pairs exist, one of them is selected uniformly at random. As in
MCH, the actual search step is then performed by assigningv′ tox. This best-improvement
strategy is augmented with the same tabu mechanism used in TMCH: After changing the
assignment ofx from v to v′, the variable value pair(x, v) is declared tabu fortt search
steps. Furthermore, the same aspiration criterion is used to enable the algorithm to perform
search steps that lead to improvements over the incumbent assignment regardless of the
tabu status of respective variable/value pair.

Unlike for the MCH variants discussed so far, efficient implementations of TS-GH cru-
cially depend on an incremental update mechanism for evaluation function values similar
to the one used in GSAT. The basic idea is to maintain the effects of any potential search
step on the evaluation function (i.e., the number of conflicts resulting from any search step)
in a two-dimensional table of sizen × k, wheren is the number of variables, andk is the
size of the largest domain in the given CSP instance.

Furthermore, the tabu mechanism can be implemented efficiently as follows. For each
variable/value pair(x, v) the search step numbertx,v whenx was last set tov is memorised.
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When initialising the search, all thetx,v are set to−tt; subsequently, every time a variable
x is set to a valuev, tx,v is set to the current search step numbert, where search steps
are counted starting from 0 at the initialisation of the search process. A variable/value pair
(x, v) is tabu if, and only if,t − tx,v ≤ tt. By using this technique in combination with
the previously described incremental update mechanism, search steps of TS-GH can be
performed as efficiently as those of MCH.

TS-GH was originally introduced as an algorithm for MAX-CSP, the optimisation vari-
ant of CSP in which the objective is to find a variable assignment that satisfies a maximal
number of constraints (see Section 8.6). Empirical studiessuggest that when applied to
the conventional CSP, TS-GH generally achieves better performance than any other MCH
variant, including TMCH, rendering it one of the best SLS algorithms for the CSP cur-
rently known [101]. Unlike in the case of TMCH, the optimal setting of the tabu tenure
parameter in TS-GH tends to increase with instance size; this makes it considerably harder
to solve new CSP instances with peak efficiency [101].

GSAT with Tabu Search

Integrating a simple tabu search strategy into the best-improvement procedure underlying
basic GSAT leads to an algorithm calledGSAT with Tabu Search (GSAT/Tabu)[72, 98].
In GSAT/Tabu, tabu status is associated with the propositional variables in the given for-
mula. After a variablex has been flipped, it cannot be flipped back within the nexttt
steps, where the tabu tenure,tt, is a parameter of the algorithm. In each search step, the
variable to be flipped is selected as in basic GSAT, except that the choice is restricted to
variables that are currently not tabu. Upon search initialisation, the tabu status of all vari-
ables is cleared. Otherwise, GSAT/Tabu works exactly as GSAT; in particular, it uses the
same restart mechanism and termination criterion. As in thecase of TMCH, to implement
GSAT/Tabu efficiently, it is crucial to use incremental score updating and tabu mechanisms.

Unlike in the case of GWSAT, it is not clear whether GSAT/Tabuwith fixed maxTries
parameter has the PAC property. Intuitively, for lowtt, the algorithm may not be able
to escape from extensive local minima regions, while for high tt settings, all the routes
to a solution may be cut off, because too many variables are tabu. However, when us-
ing instance-specific, optimised tabu tenure settings, GSAT/Tabu typically performs sig-
nificantly better than GWSAT with similarly optimised parameters. This is particularly
the case for large and structured SAT instances [49]; there are, however, a few excep-
tional cases where GSAT/Tabu performs substantially worsethan GWSAT, including well-
known SAT-encoded instances of logistics planning problems. Analogously to basic GSAT,
GSAT/Tabu can be extended with a random walk mechanism; limited experimentation sug-
gests that typically this hybrid algorithm does not performbetter than GSAT/Tabu [98].

WalkSAT with Tabu Search

Like GSAT and MCH, WalkSAT/SKC can be extended with a simple tabu search mech-
anism. WalkSAT/Tabu[73] uses the same two stage selection mechanism and the same
scoring functionscoreb as WalkSAT/SKC and additionally enforces a tabu tenure oftt
steps for each flipped variable. (To implement this tabu mechanism efficiently, the same
approach is used as previously described for TS-GH.) If the selected clausec does not al-
low a zero damage step, of all the variables occurring inc that are not tabu, WalkSAT/Tabu
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picks the one with the highestscoreb value; when there are several variables with the same
maximal score, one of them is selected uniformly at random. In cases where all variables
appearing in the selected clausec are tabu, the variable assignment remains unchanged (a
so-callednull-flip), but the current tabu tenure values for all variables decrease exactly as
after any other flip.

WalkSAT/Tabu with fixedmaxTriesparameter has been proven to be essentially in-
complete [44, 47]. Although this is mainly caused by null-flips, it is not clear whether re-
placing null-flips by random walk steps, for instance, wouldbe sufficient for obtaining the
PAC property. In practice, however, WalkSAT/Tabu typically performs significantly better
than WalkSAT/SKC, especially on structured SAT instances,such as large SAT-encoded
blocks world planning problems [49].

Novelty and Variants

The Noveltyalgorithm [73] is derived from the WalkSAT framework. Like tabu search,
Novelty uses a limited information on the search history to avoid search stagnation. More
specifically, its variable selection mechanism is based on the intuition that repeatedly flip-
ping back and forth the same variable should be avoided. Thismechanism is based on the
age of a variable(see also Gent and Walsh [33]),i.e., the number of flips that have occurred
since it was last flipped. Different from WalkSAT/SKC and WalkSAT/Tabu, Novelty and
its more recent variants use the same variable scoring function as GSAT,i.e., the difference
in the number of unsatisfied clauses caused by the respectiveflip.

In each step of Novelty, after an unsatisfied clausec has been chosen uniformly at
random (exactly as in WalkSAT/SKC), the variable to be flipped is selected as follows. If
the variablex with the highest score does not have minimal age among the variables inc,
it is always selected. Otherwise,x is only selected with a probability of1-p, wherep is a
parameter called thenoise setting. In the remaining cases, the variable with the next lower
score is selected. When sorting the variables according to their scores, ties are broken
according to decreasing age. (If there are several variables with identical score and age,
the reference implementation by Kautz and Selman always chooses the one that appears
first in c.) Novelty (and the advanced variants described below) use the same initialisation
procedure, restart mechanism and termination condition asWalkSAT/SKC.

Note that even forp > 0, Novelty is significantly greedier than WalkSAT/SKC, since
always one of the two most improving variables from a clause is selected, where Walk-
SAT/SKC may select any variable if no improvement without breaking other clauses can
be achieved. Precisely for this reason, Novelty is provablyessentially incomplete for fixed
maxTriessetting and has been shown to occasionally suffer from extreme stagnation on
several commonly used benchmark instances [44, 49]. It may also be noted that, different
from WalkSAT/SKC, the Novelty strategy for variable selection within a clause is com-
pletely deterministic for bothp = 0 and p = 1. Still, in most cases, Novelty shows
significantly improved performance over WalkSAT/SKC and WalkSAT/Tabu [73, 49].

R-Novelty [73], a variant of Novelty that uses a more complexvariable selection mech-
anism, performs often, but not always, better than Novelty (for details, see McAllester et al.
[73] or Chapter 6 of Hoos and Stützle [52]). Despite its use of a loop-breaking strategy
designed to prevent search stagnation, this algorithm suffers from the effects of its provable
essential incompleteness [44, 47], but it sometimes performs somewhat better than Novelty
[73, 49].
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Both Novelty and R-Novelty can be easily extended with a simple conflict-directed
random walk mechanism similar to that used in GWSAT; this way, the essential incom-
pleteness as well as the empirically observed stagnation behaviour are effectively over-
come. TheNovelty+ algorithm [44, 47] selects the variable to be flipped according to the
standard Novelty mechanism with probability1−wp, and makes a uniform random choice
from the selected clause in the remaining cases.R-Novelty+ is obtained from R-Novelty
in the same way, but does not make use of R-Novelty’s loop-breaking mechanism.

Novelty+ is provably PAC forwp > 0 and shows exponential RTDs for sufficiently
high (instance-specific) settings of the primary noise parameter,p. In practice, small walk
probabilities,wp, are generally sufficient to prevent the extreme stagnationbehaviour occa-
sionally observed for Novelty and to achieve substantiallysuperior performance compared
to Novelty. In fact, the algorithm’s behaviour appears to bemuch more robust w.r.t. the
wp parameter than w.r.t. the primary noise setting,p, and uniformly good performance
has been observed forwp = 0.01 [47]. It may be noted that in cases where Novelty
does not suffer from stagnation behaviour, Novelty+’s performance forwp = 0.01 is typ-
ically almost identical to Novelty’s. Similar observations hold for R-Novelty+; however,
there is some indication that R-Novelty+ does not reach the performance of the conceptu-
ally simpler Novelty+ algorithm on several classes of structured SAT instances, including
SAT-encoded hard graph colouring and planning problems [49].

Adaptive Novelty+ [45] is an extension of Novelty+ that dynamically adapts the noise
parameter during the search process and hence does not require this parameter to be tuned
manually. An efficient implementation of this algorithm wonfirst prize in the random
category of the SAT 2004 SAT Solvers Competition. Novelty++, a more recent variant of
Novelty, has been found to perform better than Novelty+ in many cases; its performance
can be further improved by hybridising the underlying variable selection mechanism with
a greedy iterative improvement strategy similar to that underlying GSAT [69].

8.4 Penalty-based Local Search Algorithms

An alternative to extending an iterative improvement strategy such that it can escape from
local minima of a given evaluation function is to modify the evaluation function when the
search process is about to stagnate in a local minimum [71]. This approach is also known
asDynamic Local Search (DLS)[52].

Penalty-based algorithms modify the evaluation function by means ofpenalty weights,
which are associated with solution components or other features of candidate solutions; in
the case of the CSP, penalty weights are usually associated with the constraint relations of
the given CSP instance and for SAT, analogously, with the clauses of the given CNF for-
mula (in the latter case, the penalty weights are often referred to asclause weights). These
penalty weights are modified during the search process. Various penalty-based algorithms
differ in their underlying local search strategy and the mechanism used for penalty modi-
fication. The latter, in particular, can have a significant impact on the performance of the
algorithm.

Penalty-based algorithms have sometimes been motivated bythe intuition that by mod-
ifying the evaluation function, local minima can be eliminated or, in the case of CSP,
the search process can learn to distinguish ‘important’ from less critical constraints, thus
making it easier to find solutions (i.e., global optima). There is, however, increasing evi-



H. H. Hoos, E. Tsang 259

dence that the primary reason for the excellent performanceof current penalty-based algo-
rithms lies rather in the effective search diversification caused by the penalty modifications
[111, 103]. The idea of diversifying search effort to different parts of the search space as
needed in a specific situation has a long history in operations research – see, for example,
Koopman [61] and Stone [99].

GENET and the Breakout Method

GENET [119, 107, 20, 17] was one of the earliest penalty-based algorithms in constraint
satisfaction. It is based on a neural network design with nodes representing atomic variable
assignments and links connecting conflicting atomic assignments. More precisely, a binary
CSP instance is represented by a network in which for each variable there is a cluster of
label nodesthat correspond to the values the variable can take. Any pairof label nodes
that correspond to variable assignments violating any constraint is connected by a link. A
penalty weight is associated with every link in the network;at the beginning of the search
process, these weights are all set to one and a random label node in each cluster is switched
on.

At any stage of the search, exactly one node per cluster is switched on, that is, every
variable has a unique value assigned to it, and the state of the network corresponds to a
complete variable assignment. Each label node receives a signal from each of its neighbor-
ing nodes that are switched on. The strength of the signal is equal to the weight associated
with the connection. For each cluster, the node that receives the least amount of inhibitory
signals is switched on. Note that when all penalty weights are one, GENET resembles the
Min-Conflicts Heuristic [76, 77].

Motivated by hardware implementations of neural networks,the variable whose cluster
is updated in a given search step is chosen asynchronously. Implemented on a sequential
machine, clusters are updated sequentially in a random order in each iteration. Whenever
the network settles in a stable state, that is, when there is no change of the active node
within any cluster that would reduce the total weight of edges between active nodes, the
weight of all edges between active nodes are increased by one. As a result, the network
may become unstable again.

The ‘energy’ of a network state (which is returned by the evaluation function) is the
total amount of input received by all the nodes that are switched on in that state [18]. The
stable states of the network correspond to the local minima of this evaluation function, and
GENET reaches these by performing iterative improvement steps. If the energy is 0, then
a solution to the CSP has been found.

GENET was extended to non-binary constraint satisfaction problems by using hyper-
edges as links in the network [119, 20, 67, 68]. Stuckey and Tam [100] used such an
extension of GENET to mutate chromosomes in an evolutionaryalgorithm. The resulting
memetic algorithm was demonstrated to be effective in solving hard CSP instances. Vari-
ants of GENET have also been used to solve challenging instances of a car sequencing
problem [19].

The Breakout Method [78] is another early penalty-based algorithm for the CSP. Un-
like GENET, it associates a single penalty weight with each constraint of the given CSP
instance and uses an evaluation function that maps each variable assignmenta to the total
weighted of the constraints violated undera. Otherwise, the two algorithms are basically
identical. In particular, like GENET, the Breakout Method initialises all penalty weights
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to one and uses iterative improvement until a local minima ofits evaluation function is
reached, at which point the weights of all unsatisfied constraints are incremented by one
before the search is continued.

Guided Local Search (GLS)

Unlike GENET or the Breakout Method, which were designed rather specifically for con-
straint satisfaction problems,Guided Local Search (GLS)[111] is a more general penalty-
based method that has been used for combinatorial decision and optimisation problems
(such as SAT and TSP, respectively) [113].

As a penalty-based method, GLS associates penalties with the constraints of the given
CSP instance. GLS uses an augmented evaluation function of the form

g′(a) = g(a) + λ

m
∑

i=1

piIi(a), (8.1)

wherea is a complete variable assignment,g(a) is the evaluation function value ofa (here:
the number of constraints unsatisfied undera), pi is the penalty of constrainti, andIi(a)
is an indicator function with value1 if constrainti is violated undera and0 otherwise.

All penalties are initialised to 0 at the beginning of the search, and penalty changes
are applied whenever the search process reaches a local minimum off . The penalties to
be increased in a given local minimum are selected such that they maximise theutility
function

utili(a) = Ii(a) · c(i)/(1 + pi) (8.2)

wherea, Ii(a), g(a) andpi are defined as in Eq. 8.1, andc(i) is the cost of having con-
straint i unsatisfied. This cost is set to one for all constraints in a standard CSP, but by
using different cost values, GLS can be easily extended to optimisation variants of the
CSP with weighted constraints. This selection mechanism ensures that only penalties of
currently violated constraints are increased. Secondly, the more a constraint has been pe-
nalised, the less incentive there is for penalising it again; this facilitates diversification of
the search. Each penalty selected is increased by one at a time. Finally, when non-uniform
constraint costs are used, this strategy keeps the search focused on satisfying higher-cost
constraints. This carefully designed penalty update mechanism has been proven to be use-
ful in various applications, including BT’s scheduling problem [106] and a version of the
Radio-Link Frequency Assignment Problem[112], an abstracted military communications
problem originating from the CALMA project [8].

One of the attractive properties of GLS is that it has only onemajor parameter, namely
λ, to tune. One good heuristic is to set the value ofλ to a fraction (between 0 and 1) of the
cost of the first local minimum encountered by GLS. This allowsλ to be selected according
to the characteristics of the given problem instance. At thetime of publication, GLS was
shown to be competitive with other high-performance algorithms on a widely studied set
of 11 benchmark problems. More recently, GLS has been extended to incorporate random
moves and aspiration [74]. The resulting algorithm,Extended GLS, was shown to be at
least as effective as GLS, but significantly less sensitive to the value of theλ parameter for
the problems it was tested on (which included SAT, Weighted MAX-SAT and the Quadratic
Assignment Problem).
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GSAT with Clause Weights

This early penalty-based algorithm for SAT was motivated bythe observation that when
performing multiple runs of basic GSAT on some types of structured SAT instances, certain
clauses tend to be unsatisfied at the end of each run. The idea behindGSAT with Clause
Weights[90] is to bias the search process towards satisfying such ‘problem clauses’ by
associating weights with them. More precisely, weights areassociated with each clause.
These are initially set to one; but before each restart, the weights of all currently unsatisfied
clauses are increased byδ = 1. The underlying local search procedure is a variant of basic
GSAT that uses a modified evaluation functiong′(F, a) which measures the total weight
of all clauses in the given formulaF that are unsatisfied under assignmenta. Search
initialisation, restart and termination are as in basic GSAT. (A variant called ‘Averaging
In’ uses a modified search initialisation that introduces a bias towards the best candidate
solutions reached in previous local search phases [90].)

GSAT with Clause Weights was found to perform substantiallybetter than basic GSAT
on various classes of structured SAT instances, including SAT-encoded graph colouring
problems; furthermore, there is some indication that by using the same clause weighting
mechanism with GWSAT, further performance improvements can be achieved [90]. To
date, both of these algorithms are outperformed by WalkSAT algorithms such as Novelty+

and by state-of-the-art penalty-based algorithms, such asSAPS (which is covered later in
this section) and PAWS [102]. Several variants of GSAT with Clause Weights have been
studied by Cha and Iwama [12]. Some of these use slight variations of the weight update
scheme and a simple form of tabu search. However, from their limited empirical results
it is doubtful that any of these variations achieves significant performance improvements
over the original GSAT with Clause Weights algorithm.

Several variants of GSAT with Clause Weights that perform weight updates after each
local search step have been proposed and studied by Frank [26, 27]. These are based on
the idea that GSAT should benefit from discovering which clauses are most difficult to
satisfy relative to recent assignments. The most basic of these variants, calledWGSAT,
uses the same weight initialisation and update procedure asGSAT with Clause Weights,
but performs only a single GSAT step before updating the clause weights. A modification
of this algorithm, calledUGSAT, restricts the neighbourhood considered in each search
step to the set of variables appearing in currently unsatisfied clauses [26]. (This is the
same neighbourhood as used in the random walk steps of GWSAT.) While this leads to
considerable speedups for naı̈ve implementations of the underlying local search procedure,
the difference for efficient implementations is likely to beinsufficient to render UGSAT
competitive with other GSAT variants, such as GWSAT.

Frank also studied a variant of WGSAT in which the clause weights are subject to a
uniform decay over time [27]. The underlying idea is that therelative importance of clauses
w.r.t. their satisfaction status can change during the search, and hence a mechanism is
needed that focuses the weighted search on the most recentlyunsatisfied clauses. Although
using this decay mechanism slightly improves the performance of WGSAT when measured
in terms of variable flips, this gain is insufficient to amortise the added time complexity of
the frequent weight update steps. However, similar mechanisms for focusing the search on
recently unsatisfied clauses play a crucial role in state-of-the-art penalty-based algorithms
for SAT that are covered later in this section.
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The Discrete Lagrangian Method (DLM)

The use of penalties in dynamic local search is conceptuallyclosely related to the use of
Lagrange multipliers for solving continuous constrained optimisation problems [93, 115].
For a constrained optimisation problem in which a functionf(~x) is to be minimised subject
to equality constraintsgi(~x) = 0, we can define the Lagrangian function

L(~x,~λ) = f(~x) +
∑

i

λigi(~x) (8.3)

where theλi are continuous variables calledLagrange multipliers. Note that these play
the same role as the penalty weights in the augmented evaluation function typically used in
the previously discussed penalty-based algorithms. It canbe shown that a local minimum
satisfying all equality constraints can be obtained by finding a saddle point ofL, i.e., a
point (~x∗, ~λ∗) such that

L(~x∗, ~λ) ≤ L(~x∗, ~λ∗) ≤ L(~x,~λ∗) (8.4)

for all (~x∗, ~λ) and(~x,~λ∗) sufficiently close to(~x∗, ~λ∗). Based on this result, the problem
of finding a local minimum of a constrained optimisation problem can be reduced to the
problem of finding a saddle point of an unconstrained optimisation problem. This latter
task can be achieved by performing iterative improvement (e.g., in the form of gradient
descent) onL using the variables~x in combination with iterative ascent onL using the
Lagrange multipliers~λ. In a local minimum~x of f that does not satisfy all constraints,
increasing the Lagrange multipliers has the effect of more heavily penalising violated con-
straints. Eventually, for some value of~λ, L(~x,~λ) is no longer a local minimum, such
that further minimisation by modifying~x becomes possible, resulting in fewer violated
constraints.

This well-known approach for solving continuous constrained optimisation problems
provided the motivation for Shang and Wah’s DLM algorithm for SAT [93]. The basic
idea behind this dynamic local search algorithm is to perform iterative best improvement
on the same augmented evaluation function used in GSAT with clause weights (this corre-
sponds to the minimisation ofL(~x,~λ) over~x). Whenever a local minimum is reached, the
penalties for all unsatisfied clauses are increased (this corresponds to the ascent onL(~x,~λ)

by modifying~λ), until some previously worsening variable flip becomes improving, and
hence the search process is no longer stuck in a local minimum. The basic version of DLM
for SAT also uses a tabu mechanism equivalent to that found inGSAT/Tabu, as well as
periodic decreases of all clause penalties to avoid numerical overflow. Furthermore, before
the search process is started, the given formula is simplified by performing a complete pass
of unit propagation.

Several extensions of the basic DLM algorithm have been shown to achieve improved
performance [122, 121]; these use various memory-based mechanisms for avoiding and
overcoming search stagnation more effectively (for an overview of these methods, see Hoos
and Stützle [52].) All of thesealgorithmshavearelatively large number of parameters that
need to be tuned carefully in order to achieve peak performance. DLM has also been
applied to weighted MAX-SAT problems [115], while extensions to non-binary problems
represent an interesting research direction.

It should be noted that despite the close conceptual relationship between the approaches,
important mathematical properties of Lagrangian methods for continuous optimisation do
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not carry over to DLM. This is primarily due to the heuristic mechanisms used by DLM
for determining search steps, as opposed to the rigorous useof derivatives of the objective
function in continuous Lagrangian methods.

ESG and SAPS

The Exponentiated Subgradient (ESG) algorithm[89] was originally motivated by sub-
gradient optimisation, a well-known method for minimisingLagrangian functions that is
widely used for generating lower bounds for branch-and-bound algorithms. As a penalty-
based algorithms for SAT, ESG associates penalty weights with the clauses of the given
CNF formula that are modified during the search process. The search is started from a ran-
domly selected variable assignment after initialising allclause weights to one. The local
search procedure underlying ESG for SAT is based on a best improvement search method
that can be seen as a simple variant of GSAT; in each local search step, the variable to be
flipped is selected uniformly at random from the set of all variables that appear in currently
unsatisfied clauses and whose flipping leads to a maximal decrease in the total weight of
unsatisfied clauses. When reaching a local minimum (i.e., an assignment in which flipping
any variable that appears in an unsatisfied clause would not lead to a decrease in the to-
tal weight of unsatisfied clauses), with probabilityη, the search is continued by flipping
a variable that is uniformly chosen at random from the set of all variables appearing in
unsatisfied clauses; otherwise, the local search phase is terminated.

After each local search phase, the clause weights are updated in two stages: First, the
weights of all clauses are multiplied by a factor that depends on the respective satisfac-
tion status (scaling stage): weights of satisfied clauses are multiplied byαsat, weights
of unsatisfied clauses byαunsat. Then, all clause weights are updated using the formula
clw(c) := clw(c) · ρ + (1 − ρ) · w (smoothing stage), wherew is the average of all clause
weights after scaling, and the parameterρ has a fixed value between zero and one. The
algorithm terminates when a satisfying assignment forF has been found or when a given
bound on the number of search steps has been reached.

Compared to the underlying local search steps, a weight update is computationally ex-
pensive, since it involves modifications of all clause weights. Additionally, experimental
evidence indicates that local search phases in ESG are typically quite short, and there-
fore the expensive smoothing operations have to be performed rather frequently [52, 53].
Even with the use of special implementation techniques thathelp ameliorate this problem,
Southey and Schuurmans’ highly optimised reference implementation of ESG for SAT
does not always reach the performance of high-performance WalkSAT algorithms such
as Novelty+. Compared to DLM-2000-SAT, ESG-SAT typically requires fewer steps for
finding a model of a given formula, but in terms of CPU-time, both algorithms show very
similar performance [89, 53]. It may be noted that the general ESG framework has been
originally proposed for the more general Boolean linear programming (BLP) problem, and
it has also been applied quite successfully to combinatorial auctions winner determination
problems [89].

The Scaling and Probabilistic Smoothing (SAPS) algorithmby Hutter et al. [53] is
based on the insight that the expensive weight update schemein ESG can be replaced by
a much more efficient procedure without negative impact on the underlying search proce-
dure. SAPS can be seen as a variant of ESG that uses a modified weight update scheme,
in which the scaling stage is restricted to the weights of currently unsatisfied clauses, and
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smoothing is only performed with a certain probabilitypsmooth. The first of these mod-
ifications is also used in Southey and Schuurmans’ efficient ESG implementation; but it
is the probabilistic, and hence less frequent, smoothing that results in a substantial per-
formance improvement over ESG and also renders superfluous the special implementation
tricks that are crucial for achieving good performance in ESG. SAPS was shown to perform
substantially better than ESG, DLM-2000-SAT and high-performance WalkSAT variants
[53]; however, there are some types of SAT instances (in particular, hard and large SAT
encoded graph colouring instances), for which SAPS does notreach the performance of
Novelty+.

A reactive variant of SAPS,RSAPS[53], automatically adjusts the smoothing probabil-
ity psmooth during the search, using a mechanism that is very similar to the one underlying
Adaptive WalkSAT [45]. RSAPS sometimes achieves significantly better performance than
SAPS; however, it still has other parameters, in particular, the scaling factorαunsat, that
need to be manually optimised.

8.5 Other Approaches

Besides the algorithms covered in the previous sections, many other local search methods
have been applied in the context of solving CSPs. Within the confines of this chapter it is
impossible to present a complete survey of the large and ever-increasing number of local
search algorithms for the CSP and closely related problems,such as the Graph Colouring
Problem and SAT. Therefore, the algorithms mentioned in thefollowing were selected to
illustrate some of the major approaches.

There is a large body of work on evolutionary algorithms for constraint satisfaction
problems. Some of the earliest work include Tsang and Warwick [108], Paredis [82], Hao
and Dorne [39], Warwick and Tsang [120] and Riff Rojas [87]; Craenen et al. [14] provides
on overview and comparison of more recent evolutionary algorithms. GENET and GLS
have been used as subsidiary search procedures in memetic algorithms for constraint sat-
isfaction [100] and optimisation [43]. Galinier and Hao [30] have developed a specialised
memetic algorithm for the Graph Colouring Problem (GCP) that uses short runs of an ef-
fective tabu search algorithm as its subsidiary search procedure; this algorithm is one of
the most effective GCP algorithms currently known.

Hao and Dorne [39] used a specialised genetic algorithm to search the space of partial
assignments. Lau [64] developed the Guided Genetic Algorithm (GGA), which applies the
principle of Guided Local Search in a genetic algorithm. Theidea is to use penalties to
construct a fitness template, which guides crossover and mutation in a genetic algorithm
such that better assignments will be chosen in the selectionprocess with higher probability.
GGA has been applied successfully to the Processor Configuration Problem [65], the Gen-
eral Assignment Problem in scheduling [64], and to a versionof the Radio-Link Frequency
Assignment Problem [66].

Constraints are used to help evolutionary algorithms search efficiently. This is done by
modifying the objective functions in evolutionary computation. For example, Yu et al.
[125] used penalties to guide the search away from ‘poor’ areas of the search space,
whereas Li [70], Tsang and Li [105], and Jin [54] used incentives to guide the search
towards promising areas.
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Ant colony optimisation (ACO), a population-based stochastic local search method in-
spired by the path-finding behaviour of ants [22], has been applied with some success to
the CSP [96], and in particular, to permutation constraint satisfaction problems, such as
car sequencing [95], and to binary CSPs [110]. Other widely used stochastic local search
methods have been applied to specific types of CSP instances.For example, there are
varioussimulated annealing algorithmsfor the graph colouring problem (GCP) [55] and
SAT [97]. Likewise, severaliterated local search algorithmshave been developed for the
GCP [13, 81] and MAX-SAT [123, 94]. A generalisation of GSAT to CSP that also in-
cludes various additional SLS mechanisms, including random walk and clause penalties,
was developed by Kask and Dechter [56] and later extended with a tree search mecha-
nism based on cycle-cutsets [57]. Walser [117] has introduced a WalkSAT algorithm for
Pseudo-Boolean CSP (a well-known special case of CSP), which includes a tabu mecha-
nism as well as biased random search initialisation.

Local search does not have to be incomplete. InSystematic Local Search[40] and re-
lated approaches (e.g., Richards et al. [86]), completeness is achieved through the recording
and resolution ofno-goodswhenever the underlying local search algorithm encountersa
local minimum. When a no-good is encountered, resolution isattempted: for example, if
both “P=true andQ=true” and “P=true andQ=false” have been encountered, then they
are replaced by “P=true” (a technique often used intruth maintenance systems; see,e.g.,
Doyle [23]). These no-goods help Systematic Local search toescape from local optima
and to achieve completeness, a desirable property which most other local search methods
do not enjoy: When both “P=true” and “P=false” are found to be no-goods for anyP ,
the given CSP instance has been shown to be unsatisfiable. To achieve completeness, Sys-
tematic Local Search may record an exponential number of no-goods in the worst case.
However, with careful memory management, the algorithm hasbeen demonstrated to be
effective for job shop scheduling problems [21].

Constrained Local Search[85] is an example for an approach that searches over partial
assignments that do not violate any constraints. Based ondynamic backtracking[34],
Constrained Local Search conducts a depth-first search. Whenever a partial assignment
cannot be further extended, a randomly chosen atomic assignment is removed from it,
such that the search can be continued in a different direction. Despite its use of depth-first
search, Constrained Local Search is incomplete.

Most local search algorithms for CSP use neighbourhood relations that restrict search
steps to modifying the value of only one variable at a time. However, the use of larger
neighbourhoods can sometimes be advantageous; for example, the swap neighbourhood,
in which search steps swap the values of two variables, has been used successfully on
sequencing problems in conjunction with GENET [19]. Large neighbourhoods are more
commonly used in SLS algorithms for constraint optimisation problems (see next section).

8.6 Local Search for Constraint Optimisation Problems

Many real-life problems are over-constrained. For example, in a production planning appli-
cation, there may be insufficient resources to complete all given jobs within their respective
deadlines. In this situation, it may be desirable to find a feasible assignment of resources
such that the total amount of revenue generated is maximised; this type of optimisation
problem is referred to as amaximal utility problem[104]. In other cases, some constraints
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may be violated, but doing so incurs a penalty cost. The objective is then to find a solution
with minimal penalty; this is known as theminimal violation problem[104].

These types of problems can be modelled by extending constraint satisfaction prob-
lems to include optimisation objectives. In the simplest case, the problem is represented as
a CSP instance, but the objective becomes to find a variable assignment that satisfies a max-
imal number of constraints (MAX-CSP). Note that this is equivalent to finding a variable
assignment that minimises the total number of violated constraints. In many cases, not all
constraints are equally important. InWeighted MAX-CSP, this is captured by weights asso-
ciated with the individual constraints, and the objective is to maximise the total weight of
the satisfied constraints. More general formalisations of constraint optimisation problems
include Partial CSP [28], Semi-Ring Based CSP [7] and ValuedCSP [88].

A widely studied special case of MAX-CSP and Weighted MAX-CSP is the optimi-
sation variant of SAT,MAX-SAT: Given a propositional formulaF in conjunctive normal
form, the objective in MAX-SAT is to find an assignment of truth values to the variables in
F such that a maximum number of clauses inF is satisfied. InWeighted MAX-SAT, each
clause has an associated weight, and the goal is to find an assignment that maximises the
total weight of the satisfied clauses. MAX-SAT and Weighted MAX-SAT are of particular
interest in algorithm development because of their conceptual simplicity in combination
with the fact that any Weighted MAX-CSP instance can be transformed into a Weighted
MAX-SAT instance (at the price of losing structures of the constraint graph and searching
a somewhat larger space).

Local search methods are naturally suited for solving constraint optimisation problems
[42]. In particular, most local search algorithms for the CSP can be directly applied to
MAX-CSP, since their evaluation function directly corresponds to the optimisation objec-
tive of minimising the number of violated constraints. Moreover, these algorithms can be
extended to Weighted MAX-CSP by modifying the standard evaluation function (number
of constraints violated under a given assignment) such thatit maps each variable assign-
ment to the total weight of the constraints violated under it(see,e.g., Lau [63]). In spe-
cial cases, different evaluation functions may be useful; for example, Walser’s WalkSAT
algorithm for Overconstrained Pseudo-Boolean CSP with hard and soft constraints uses
an evaluation function that takes into account the degree ofviolation of the given linear
pseudo-Boolean constraint relations [118].

It is worth noting that when generalising dynamic local search methods to Weighted
MAX-CSP, there is no single ‘correct’ way to integrate the constraint weights and the
penalty values into the augmented evaluation function. Perhaps the most obvious approach
is to simply add the weights and penalties over all violated constraints (see,e.g., Wah and
Shang [115]). An alternate solution was found to work betterin GLS, where constraint
weights are used for determining the penalty values to be increased after each local search
phase, but do not appear in the augmented evaluation function (see Section 8.4). A similar
approach is taken in Wu and Wah’s DLM algorithm for Weighted MAX-SAT [122], where
the clause weights are used for penalty initialisation and update, but not in the evaluation
function.

Larger neighbourhoods, which allow more than one variable to be changed in a single
local search step, have been more extensively studied in thecontext of in local search
for constraint optimisation than in the case of CSP. For example, Yagiura and Ibaraki
[123] have developed various types of SLS algorithms for MAX-SAT based on 2- and
3-flip neighbourhoods. Large neighbourhoods have also beenused successfully in vari-
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ous application-relevant combinatorial optimisation problems (see,e.g., Yao [124], Tsang
and Voudouris [106], Ahuja et al. [2], Abdullah et al. [1]). In all of these cases, special
techniques have to be used in order to search these large neighbourhoods efficiently.

Local search algorithms play a major role in solving real-life constraint optimisation
problems, because in many cases, they are able to find high-quality solutions more ef-
ficiently than other approaches. For example, GLS has been incorporated into ILOG’s
Dispatcher system (ILOG is the market leader in commercial constraint programming soft-
ware) [3, 60]. Dispatcher was specifically designed for vehicle routing, a prominent prob-
lem in Operations Research which is of central importance inthe transportation business
(see Chapter 23). Generally, local search algorithms can often be very usefully applied in
combination with other methods. For example, branch-and-bound algorithms can benefit
significantly from high-quality bounds obtained by high-performance local search meth-
ods.

8.7 Frameworks and Toolkits for Local Search

Both the development of local search algorithm for solving constraint satisfaction and op-
timisation problems and their practical application are often greatly facilitated by software
frameworks and programming toolkits. This is particularlythe case when dealing with con-
ceptually complex constraint programming problems. Such systems can substantially ease
the burden associated with achieving efficient implementations of SLS algorithms. They
also facilitate software reuse and support the separation of problem formulation (mod-
elling) and solving. In the following, we give a brief overview of some of the better known
frameworks and toolkits that support SLS algorithms; whilesome of these are general com-
binatorial optimisation or constraint programming systems, others are specifically focused
on local search methods.

ILOG Solveris a commercial system which provides users with a C++ library that
implements state-of-the-art algorithms for constraint satisfaction and optimisation. The
OPL interface to ILOG Solver supports a rich declarative syntax that can be used to define
the structure of problems and heuristics [41].ILOG Dispatcheris a specialised package
for vehicle routing that supports a variety of local search algorithms.

The commercialiOpt system implements a wide range of SLS methods. Through a
graphic interface, iOpt allows users to experiment with different local search strategies and
to construct hybrid algorithms. It also provides an abstract class library in Java that can
be used to implement local search methods [114]. Similarly,the freely available object-
oriented frameworksEasyLocal++ [31] andHotFrame[25] support the design and im-
plementation of local search algorithms in C++. In these general optimisation systems,
problem-independent parts of the algorithms are captured in the form of abstract classes,
which are specialised by the user to implement problem-specific algorithms.

TheCOMET programming language supports both modeling and search abstractions
in constraint programming. It allows users to specify and control local search algorithms
using constraints, modelling and search abstractions, andit has been applied to a wide
range of combinatorial problems [42]. The conceptually relatedSALSAlanguage facili-
tates the concise, declarative definition of local, systematic and hybrid search algorithms
[62]. Finally, the freely availableZDC system aims to help non-experts in constraint pro-
gramming by providing them with a simple declarative language (EaCL) and a graphic
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user interface. It implements a number of local search algorithms, including Guided Local
Search [10, 109].

Regardless of whether local search algorithms are realisedwithin such a framework
or environment or implemented ‘from scratch’, it is very important for the reproducibility
of empirical results to ensure that their published descriptions are accurate and complete
(covering also all performance-critical implementation details). Furthermore, whenever
possible, reference implementations should be made available to the research community.4

8.8 Conclusions and Outlook

Among the various approaches for solving constraint programming problems such as the
CSP, local search methods are of considerable interest to researchers and practitioners.
Although most local search algorithms are incomplete, in many cases, their performance
scales better with instance size than that of complete, systematic search algorithms. Conse-
quently, high-performance local search methods are often the only practical tool for solv-
ing large and difficult real-world problems, which often involve thousands of variable with
large domains. This is especially true for decision problems where the main objective
is to find feasible solutions quickly and for optimisation problems where high-quality or
(near-)optimal solutions need to be obtained as efficientlyas possible.

Local search methods have been shown to be very successful insolving many im-
portant classes of problems, including SAT, MAX-SAT, travelling salesman and quadratic
assignment problems. Their effectiveness and efficiency has also been demonstrated for
many real-world problems, including scheduling, vehicle routing and radio-frequency as-
signment tasks. In many of these applications, local searchalgorithms achieve comparable
or superior performance compared to all other methods.

Although efficient local search algorithms typically incorporate problem-specific knowl-
edge (often in the form of the neighbourhood relation and evaluation function), there are
general, high-level strategies that have been shown to be effective across a broad range of
combinatorial problems. Most of these general local searchstrategies involve randomisa-
tion to avoid search stagnation in or around local minima of the given evaluation function
and are therefore captured in the general framework of Stochastic Local Search (SLS). SLS
methods such as randomised iterative improvement, tabu search and dynamic local search
have provided the basis for some of the most prominent and best performing algorithms
for CSP and SAT. Other methods, including simulated annealing, evolutionary algorithms,
ant colony optimisation and iterated local search have alsobeen applied to these and many
other constraint programming problems, and were shown to beeffective for solving certain
types of instances. These search strategies employ different mechanisms for balancing the
exploration of the given search space (diversification) against the efficient exploitation of
heuristic information (intensification). Intensification and diversification mechanism often
interact in complex ways, and minor variations can have significant impact on the perfor-
mance of the resulting algorithms.

For this reason, in combination with the fact that theoretical results in this area are
difficult to obtain and typically very limited in their practical relevance, SLS algorithms
are mostly studied empirically, by means of computational experiments. (It may be noted
that a similar situation is encountered for most, if not all,other high-performance CSP

4The same applies, of course, to any other constraint programming algorithm that is evaluated empirically.
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algorithms.) In the case of SLS algorithms for CSP, many empirical studies have been
focused on distributions of relatively unstructured, random binary CSP instances. The
same holds for MAX-CSP, and the situations for prominent special cases, such as SAT
and MAX-SAT, is similar. While such instances can be useful for evaluating the efficacy
of search strategies, they lack the type of structure found in many real-world problems.
Consequently, there is an increasing emphasis on using structured problem instances for the
empirical analysis of SLS algorithms for the CSP and relatedproblems. This endeavour,
as well as the comparability of empirical results between studies, is facilitated by public
collections of benchmark problems, such as CSPLIB [32] and SATLIB [50].

Furthermore, while currently the design of new SLS algorithms largely resembles a
craft in that it requires experience and intuition to a significant extent, there is substan-
tial interest in developing more principled approaches that will facilitate the engineering
of high-performance SLS algorithms. In this context, advanced empirical methods (see,
e.g., Chapter 4 of Hoosand Stützle [52]) in combination with frameworks that specifically
support the formulation and implementation of local searchalgorithms (see Section 8.7)
are likely to play a major role. Furthermore, our understanding of the factors causing the
relative hardness of certain problem instances for a given SLS algorithm is fairly limited.
The investigation of these factors, for example, by means ofsearch space analysis, is an
active research area with many open problems.

Another attractive research direction is to develop SLS algorithms that adapt their be-
haviour based on information collected during the search process or over runs on various
problem instances. Interesting work in this area includes studies by Battiti and Tecchiolli
[4], Glover [35] and Minton [75], as well as Boyan and Moore [9], Patterson and Kautz
[83], Hoos [45], Mills [74], Hutter et al. [53], Burke and Newall [11] and [59].

It may be noted that in many ways, the development and understanding of SLS algo-
rithms is significantly further advanced for SAT than for thegeneral CSP. (The situation
for MAX-SAT and MAX-CSP is analogous.) This is mostly causedby the fact that as a
conceptually simpler problem, SAT for CNF formulae better facilitates the development,
analysis and efficient implementation of SLS algorithms. This raises the question to which
extent more efficient SLS algorithms for the general CSP can be obtained by augmenting
suitably generalised high-performance SLS algorithms forSAT with specific methods for
handling certain types of complex constraints known from other constraint programming
approaches. Furthermore, it is likely that advanced SLS methods that have been demon-
strated to be very successful in solving other combinatorial problems, such as iterated local
search, variable depth search or scatter search, may still hold considerable and largely un-
explored potential for solving constraint satisfaction and optimisation problems.

Overall, local search methods are among the most powerful and versatile tools for
solving constraint programming problems. They give rise toa broad range of interesting
research challenges, and continuing efforts to improve these methods and our understand-
ing of them will further enhance their usefulness in a broad range of challenging real-world
applications.
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[81] L. Paqueteand T. Stützle. An experimental investigation of iterated local search for
coloring graphs. InApplications of Evolutionary Computing, LNCS 2279, pages
122–131. Springer Verlag, Berlin, Germany, 2002.

[82] J. Paredis. Genetic state-space search for constrained optimization problems. In13th
International Joint Conference on Artificial Intelligence, pages 967–972, 1993.

[83] D. J. Patterson and H. Kautz. Auto-walksat: A self-tuning implementation of walk-
sat. InLICS 2001 Workshop on Theory and Applications of Satisfiability Testing
(SAT 2001). Elsevier, Amsterdam, The Netherlands, 2001.

[84] S. Prestwich. Local search on SAT-encoded CSPs. In6th International Conference
on Theory and Applications of Satisfiability Testing (SAT 2003), pages 388–399,
2003.

[85] S. Prestwich. Stochastic local search in constrained spaces. InPractical Applica-
tions of Constraint Technology and Logic Programming (PACLP ’00), pages 27–39,
2000.

[86] T. Richards, Y. Jiang, and B. Richards. Ng-backmarking– an algorithm for con-
straint satisfaction.British Telecom Technology Journal, 13(1):102–109, 1995.

[87] M. Riff Rojas. From quasi-solutions to solution: an evolutionary algorithm to solve
CSPs. In2nd International Conference on Principles and Practice ofConstraint
Programming, pages 367–381, August 1996.

[88] T. Schiex, H. Fargier, and G. Verfaillie. Valued constraint satisfaction problems:



H. H. Hoos, E. Tsang 275

Hard and easy problems. In14th International Joint Conference on Artificial Intel-
ligence, pages 631–639. Morgan Kaufmann Publishers, San Francisco, CA, USA,
1995.

[89] D. Schuurmans, F. Southey, and R. C. Holte. The exponentiated subgradient algo-
rithm for heuristic Boolean programming. In17th International Joint Conference
on Artificial Intelligence, pages 334–341. Morgan Kaufmann Publishers, San Fran-
cisco, CA, USA, 2001.

[90] B. Selman and H. Kautz. Domain-independent extensionsto GSAT: Solving large
structured satisfiability problems. In13th International Joint Conference on Arti-
ficial Intelligence, pages 290–295. Morgan Kaufmann Publishers, San Francisco,
CA, USA, 1993.

[91] B. Selman, H. Levesque, and D. Mitchell. A new method forsolving hard satis-
fiability problems. In10th National Conference on Artificial Intelligence, pages
440–446. AAAI Press / The MIT Press, Menlo Park, CA, USA, 1992.

[92] B. Selman, H. Kautz, and B. Cohen. Noise strategies for improving local search. In
12th National Conference on Artificial Intelligence, pages 337–343. AAAI Press /
The MIT Press, Menlo Park, CA, USA, 1994.

[93] Y. Shang and B. W. Wah. A discrete Lagrangian-based global-search method for
solving satisfiability problems.Journal of Global Optimization, 12(1):61–99, 1998.
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