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Chapter 8

Local Search Methods

Holger H. Hoos and Edward Tsang

Local search is one of the fundamental paradigms for solmgputationally hard combi-
natorial problems, including the constraint satisfacpooblem (CSP). It provides the basis
for some of the most successful and versatile methods femgpthe large and difficult
problem instances encountered in many real-life appticati Despite impressive advances
in systematic, complete search algorithms, local seardhads in many cases represent
the only feasible way for solving these large and completaimses. Local search algo-
rithms are also naturally suited for dealing with the opsiation criteria arising in many
practical applications.

The basic idea underlying local search is to start with aoamg or heuristically gener-
ated candidate solution of a given problem instance, whial be infeasible, sub-optimal
or incomplete, and to iteratively improve this candidateison by means of typically mi-
nor modifications. Different local search methods vary entray in which improvements
are achieved, and in particular, in the way in which situsiare handled in which no
direct improvementis possible.

Most local search methods use randomisation to ensurentnaetirch process does not
stagnate with unsatisfactory candidate solutions andcharefore referred to agochastic
local search(SL methodsProminent examples of SLS methods are randomised iterativ
improvement (also known as stochastic hill-climbing),lationary algorithms, simulated
annealing, tabu search, dynamic local search and, morathgcnt colony optimisation.
These classes of local search algorithms are also widelyk@smetaheuristics

Many SLS methods are conceptually rather simple and relgtiwasy to implement
compared to many other techniques. At the same time, they sfiow excellent perfor-
mance and in many cases define the state-of-the-art in theaidse problems. Further-
more, SLS algorithms are often very flexible in that they carasily adapted to changes
in the specification of a problem. This makes them a very ppetoice for solving
conceptually complex application problems that are sameginot fully formalised at the

1still, the efficient implementation of some high-perforrnarSLS algorithms requires considerable effort
and sophisticated data structures (seg, [79]).
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beginning of a project. Consequently, SLS algorithms areragat the most prominentand
widely used combinatorial problem solving techniques iadsenia and industry.

It may be noted that when taking a very broad view of consti@iogramming, many
combinatorial problems, including scheduling, sequegpaonfiguration and routing prob-
lems, can be seen as constraint programming problems. keaeth algorithms for these
problems are widely studied by researchers from variougplises, and the correspond-
ing, vast body of literature would be difficult (if not impadike) to survey within a single
book chapter.

Therefore, this chapter primarily provides an overview bS&lgorithms for the con-
straint satisfaction problem (CSP), one of the most prontipeoblems in constraint pro-
gramming. We focus on widely known and high-performing aitipons for the general
CSP and for SAT, the propositional satisfiability problenmspeecial case of CSP which
plays an important role not only in constraint programming aasoning research, but
also in many other areas of computing science and beyond. |8&ebeefly cover SLS
algorithms for constraint optimisation problems such asX¥BSP and MAX-SAT, the
optimisation variants of CSP and SAT, respectively, andipthie reader to some of the
best-known frameworks and toolkits for implementing losahrch algorithms for con-
straint programming problems.

8.1 Introduction

Constraint programming is a powerful conceptual framevtiodt can express many types
of combinatorial problems. In this chapter, we mainly foousthefinite discrete con-
straint satisfaction problem (CSP problem of central importance within the area of con-
straint programming with many applications in artificialaligence, operations research
and other areas of computing science and related discipline

The Constraint Satisfaction Problem (CSP)

An instance of the CSP is defined by a set of variables, a setssiiple values (cdomain

for each variable and a setadnstraintseach of which involve one or more of the variables.
The Constraint Satisfaction Problem (CSR)to decide for a given CSP instance whether
it is possible to assign to each variable a value from itseepe domain such that all
constraints are simultaneously satisfied. Formally, thisle expressed as follows [52]:

Definition 8.1. A CSP instancés a triple P = (V,D,C), whereV = {z;,...,z,}isa
finite set of: variables,D is a function that maps each variahle to the setD; of possible
values it can takelD; is called thedomain ofz;), andC = {C, ..., C,,} is a finite set of
constraintsEach constrainC; is a relation over an ordered séar(C) of variables from
V,ie., forVar(C;) = (y1,...,yx), C; € D(y1) x --- x D(y). The elements of the set
C; are referred to asatisfying tuples of”;, andk is called thearity of the constrain€;.
A CSP instancé is calledn-ary, if the arity of all constraints inP have arity at most;
in particular, binary CSP instancdgave only constraints of arity at most two.

P is afinite discrete CSP instandfeall variables in P have discrete and finite domains.
A variable assignmerf P is a mapping: : V — JI_, D; that assigns to each variable
x € V avalue from its domai®(z). (The assignment of a value to an individual variable
is called anatomic assignment Let Assign(P) denote the set of all possible variable
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assignments foP; then a variable assignment € Assign(P) is a solution of P if, and
only if, it simultaneously satisfies all constraintsdni.e., if for all C; € C with, say,
Var(C;) = (yi,-..,yr) the assignment mapsy;, ..., yx to valuesv,, . .., v such that
(’Ul, . ,’Uk) S Cj.

CSP instances for which at least one solution exists aredatbnsisten{or soluble),
while instances that do not have any solutions are calednsistenfor insoluble).

Thefinite discreteCSP is the problem of deciding whether a given finite discaSe
instanceP is consistent.

The Propositional Satisfiability Problem (SAT)

The well-known satisfiability problem in propositional iogSAT) can be seen as a promi-
nent special case of the general CSP. Consider a propaifarmula 7" in conjunctive
normal form,i.e., of the form

m k(l)
F = /\ C; with C; = \/ ZU
i=1 j=1

where each of thg; is a propositional variable or its negation; thgare callediterals,
while the disjunctions; are referred to as thelausesof F'. The objective of the satis-
fiability problem is then to decide whethér is satisfiable i.e., whether there exists an
assignment of truth valuedrue andfalseto the variables:;, such that every clause con-
tains at least one literal rendered truedoyObviously, this corresponds to a CSP instance
where all variables have domaifisue, false} and for every clause; there is a constraint
C; between the variables appearing:jrihat is satisfied if, and only it;; is satisfied under
the (partial) assignment of its variables. Hence, a clau#ie mliterals corresponds to a
k-ary constraint relation.

As the prototypical\V' P-complete problem, SAT is of central importance to the tigeor
of computing; it also plays an important role in circuit dgsiand verification (see.g,
Biere et al. [6] or Gu and Puri [37]). Other practical apptions of SAT include various
scheduling tasks [126, 15] as well as problems from machisiery, robotics, database
systems and computer graphics [38]. SAT also plays in ingpdrole in the development
of algorithms; its conceptual simplicity facilitates thesign, implementation and evalu-
ation of new algorithms. Particularly with respect to losahrch algorithms, many ideas
and techniques have been first developed for SAT, beforewleeg generalised to more
general types of CSP instances.

SAT-Encodings of CSP

CSP instances can be encoded into SAT in a number of waysgggdrestwich [84] or

Hoos and Stuitzle [52] for an overview), and using such encodings, arbitrary CSP instances
can be solved by state-of-the-art SAT solvers, includingigréul local and systematic
search algorithms as well as preprocessing techniquesmaireappeal of this approach
stems from the previously mentioned advantages of SAT fporéhm development and
implementation in combination with the substantial amoafntesearch on SAT solving
techniques. SAT encodings may, however, lead to potensaihificant increases in the
size of problem instances and the respective search spaoes; problematically, they
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can obfuscate structural aspects of CSP instances thamhpostant for efficiently solving
these.

There is some evidence that the ‘encode and solve as SAToappican work surpris-
ingly well (seege.g, Kautz and Selman [58], Ernst et al. [24] and Hoos [48]);Harmore,
it has been shown that some encodings allow SAT-solverséatt exploit important as-
pects of CSP structure [5]. However, it is still unclear wiegtand to which extent finding
good SAT-encodings is any easier than developing goods&8P algorithms — particu-
larly in the case of local search methods, which can ofteefitadirectly from insights and
improvements achieved on SAT. It should be noted that thergéissue omodelling(i.e.,
finding good formulations of a problem) plays an importafe in constraint programming
(see Chapter 11).

Local Search

Given a combinatorial problem such as the CSP, the key idemadbéocal search is very
simple: starting at amitial search position(for the CSP, typically a randomly chosen,
complete variable assignment), in eatbpthe search process moves to a position selected
from thelocal neighbourhoodtypically based on a heuristic evaluation function). This
processis iterated untitarmination criterions satisfied. To avoid stagnation of the search
process, almost all local search algorithms use some forrarmfomisation, typically in
the generation of initial positions and in many cases alghénsearch steps. This leads
to the concept oétochastic local search (SLS) algorithmehich is formally defined as
follows [52]:

Definition 8.2. Given a (combinatorial) probleril, a stochastic local search algorithm
for solving an arbitrary problem instance € 11 is defined by the following components:

e thesearch spacg(r) of instancer, which is a finite set afandidate solutions € S
(also calledsearch positiondocations configurationsor statey — in the case of
the CSP, this is typically the set of all complete variablsigigments;

e aset of (feasible) solutionS’(7) C S(w) — for the CSP, this set typically consists
of all solutions of the given CSP instance;

e a neighbourhood relationn S(x), N(7) C S(w) x S(m) — this determines the

positions that can be reached in one search step at any girenduring the search
process;

e afiniteset of memory state®/ (), which, in the case of SLS algorithms that do not
use memory, may consist of a single state only, and in ottsmstiaolds information
about the state of the search mechanism beyond the seaiitiopds.g., tabu tenure
values in the case of tabu search);

e aninitialisation functioninit(w) : § — D(S(x) x M(w)), which specifies a prob-
ability distribution over initial search positions and merg states — this function
characterises the initialisation of the search process;

e astep functionstep(w) : S(m) x M (w) — D(S(7) x M (7)) mapping each search
position and memory state onto a probability distributiomep its neighbouring
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search positions and memory states — this function speuifies happens in ev-
ery search step;

e atermination predicatéerminate(r) : S(w) x M () — D({true false}) mapping
each search position and memory state to a probability iigtion over truth val-
ues, which indicates the probability with which the searckoi be terminated upon
reaching a specific search position and memory state.

In the aboveD(S) denotes the set of probability distributions over a given$ewhere
formally, a probability distributionD € D(S) is a functionD : S — R{ that maps
elements of to their respective probabilities.

Note that this definition includes deterministic local sealgorithms as special cases,
in which the probability distributions used in the initgdition and step function as well
as in the termination criterion are degenerate, with albphility mass concentrated on
one value of the underlying domain. As previously noted, pletely deterministic local
search algorithms are seldom used in research or applicatio

In the case of almost all local search algorithms for CSPs#@ch space consists of
all complete variable assignments of the given CSP instaheesolution set is comprised
of all satisfying assignments, and the so-calleeixchange neighbourhoasl used, under
which two assignments are direct neighbours if, and onlyhiéy differ at most in the
value assigned to one variable. In the special case of SAdriant of this neighbourhood
relation known as thé&-flip neighbourhoods typically used, under which two assignments
are direct neighboursif, and only if, one can be obtainechftioe other by flipping the truth
value assigned to exactly one of the variable from true wefal vice versa. In many cases
the initial search position is determined by generatingraatte assignment uniformly at
random, and the termination criterion is satisfied if a sotuts found or a given bound on
the number of search steps has been exceeded.

The various local search algorithms for CSP (and SAT) diffem each other mainly
with respect to their step function, which for all but the msimple (and ineffective) algo-
rithms incorporates heuristic guidance in the form oeaaluation functionThis function
typically maps the candidate solutions of the given probiestancer onto a real num-
ber such that its global minima correspond to the solutidns. a'he evaluation function
is used for assessing or ranking the direct neighbours oftihent search positions. A
commonly used evaluation function for the CSP maps eachrassint to the number of
constraints violated under it. Note that solutions are ati@rised by evaluation function
value zero, and can hence be easily recognised.

The simplest local search method that effectively usesengevaluation functiog is
calledlterative Improvementor Il ; also known asill-climbing or iterative descent In
each search step, |l selectsiamproving positiorfrom the current neighbourhoote., a
positions’” € N(s) with g(s’) < g(s), wheres is the current search position. There are
various commonly used heuristics for selecting such andwipg neighbour. Intera-
tive Best-Improvemena neighbous’ with minimal valueg(s’) within N(s) is chosen;
if multiple such neighbours exist, one is chosen uniforntlyamdom. Inlterative First-
Improvementon the other hand, the neighbourhood is evaluated in a gixaer, and the
firstimproving neighbour encountered during this procesglected as the next search po-
sition. Variants of Iterative Improvement form the basisdbmost all local search methods
for CSP, SAT and other combinatorial problems.
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procedure MCH (P, maxSteps)
input: CSP instance®, positive integermaxSteps
output: solution ofPor “no solution found”
a :=randomly chosen assignment of the variable®jn
for step:= 1 to maxSteps do
if asatisfies all constraints & then return a end
x := randomly selected variable from conflict géta);
v := randomly selected value from the domairxafuch that
settingx to v minimises the number of unsatisfied constraints;
a:= awith x set tov;
end
return “no solution found”
end MCH

Figure 8.1: The basic MCH algorithm; all random selectioresaccording to a uniform
probability distribution over the underlying sets.

The Min-Conflicts Heuristic

The simplest and probably most widely known iterative inyaroent algorithm for the
CSP is theMin Conflicts Heuristic (MCH]76, 77]. MCH iteratively modifies the assign-
ment of a single variable in order to minimise the number ofated constraints, which is
achieved as follows (see also Figure 8.1): Given a CSP iostBnthe search process is
initialised by assigning to each variable iha value that is chosen uniformly at random
from its domain. Then, in each local search step, first a C3Rblax is selected uni-
formly at random from the so-callezbnflict setK (a), the set of all variables that appear
in a constraint that is unsatisfied under the current assghm A new valuev is then
chosen from the domain af, such that by assigning to x, the number of unsatisfied
constraints (conflicts) is minimised. If there are seveedligs ofv with that property, one
of them is chosen uniformly at random. The search is termathathen a solution is found
or a user-specified bound on the number of search steps hasxemeded.

A variant of the basic MCH algorithm that uses a greedy ilié#ion procedure has
been very successfully applied to theQueens Problem (a prominent special case of the
general CSP, for which specialized polynomial-time altjonis exist) with very large:
(say,n equals a million). Furthermore, the efficacy of MCH has beemanstrated in
applications to graph colouring and real-world schedufirgblems [77].

Like most iterative improvement methods, MCH can get stuclo¢al minima of the
underlying evaluation function; it is therefoessentially incompletb2], i.e., even if run
arbitrarily long, the probability for finding a solution tmlsible CSP instance may ap-
proach a value strictly smaller than one. A simple generfwragch for overcoming this
problem is to extend MCH with a static restart mechanism thdhitialises the search
process evennaxSteps search steps, whereaxStepsis a user-specified parameter of the
algorithm. Unfortunately, the performance of the resgltaigorithm depends critically
and quite sensitively on good choicesméxSteps, which vary substantially between dif-
ferent CSP instances. Substantially more effective vegiahthe MCH will be discussed
later in this chapter.
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procedure GSAT(F, maxTries, maxSteps)
input: CNF formulaF, positive integersnaxTries and maxSteps
output: model ofF or “no solution found”
for try := 1 to maxTries do
a := randomly chosen assignment of the variables in fornfla
for step:=1 to maxSteps do
if a satisfiesF then return aend
x := randomly selected variable flipping which minimises
the number of unsatisfied clauses;
a:=awith x flipped;
end
end
return “no solution found”
end GSAT

Figure 8.2: The basic GSAT algorithm; all random selectiaresaccording to a uniform
probability distribution over the underlying sets.

The GSAT Algorithm

Basic GSAT[91] is a simple iterative best-improvement algorithm f&T3hat uses the
number of clauses unsatisfied under a given assignment agaitgation function. The
algorithm works as follows (see also Figure 8.2): Startiogfa complete variable assign-
ment chosen uniformly at random, in each local search steipgée propositional variable

is flipped fromtrue to falseor vice versa. The variable to be flipped is chosen such that
a maximal decrease in the number of unsatisfied clauses isvadh if there are several
variables with that property, one of them is selected unifgrat random. The iterative
best-improvement search used in GSAT gets easily stuckal tninima of the evaluation
function. Therefore, GSAT uses a simple static restart r@eisim that re-initialises the
search at a randomly chosen assignment enaySteps flips. The search is terminated
when a model of the given formul@ has been found, or aftenaxTries sequences (also
called ‘tries’) of maxStepsvariable flips each have been performed without finding a hode
of F.

Straightforward implementations of GSAT are rather inéfit, since in each step the
scores of all variables.e., the changes in the number of unsatisfied clauses causee by th
respective flips, have to be calculated from scratch. Thet&efficiently implementing
GSAT is to compute the complete set of scores only once atefmbing of each try, and
then after each flip to update only the scores of those vasahht were possibly affected
by the flipped variable (details on this mechanism can bedonrChapter 6 of Hoos and
Stitzle [52)).

For any fixed setting of thenaxTries parameter, GSAT is essentially incomplete [44,
47], and severe stagnation behaviour is observed on mostirgtdnces. Still, when it
was first introduced, GSAT outperformed the best systensatdcch algorithms for SAT
available at that time. As one of the first SLS algorithms fé Sbasic GSAT had a
very significant impact on the development of a broad rangawafh more powerful SAT
solvers, including most of the current state-of-the-ar8Sllgorithms for SAT. Further-
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more, GSAT and its variants (described later in this chyatisp had a significant impact
on the development of high-performance SLS algorithmsHer@SP.

8.2 Randomised lterative Improvement Algorithms

The main limitation of iterative improvement algorithmermsis from the fact that they
get stuck in local minima of the given evaluation function. sinple approach to deal
with this problem is to occasionally allow non-improvingaseh stepsi.e., the selection
of neighbourss’ € N(s) with g(s") > g(s) from the current neighourhood. There are
numerous different mechanisms that implement this appragaany of these make use of
randomised decisions in order to balance the diversifinaitects of worsening search
steps with the search intensification provided by Iterdtivprovement.

Randomised Iterative Improvement (R$ljan extension of Iterative Improvementwhere
in each step with a fixed probabilityp, a positions’ is selected uniformly at random from
the current neighbourhoa¥(s) — this is called aandom walk stepotherwise i.e., with
probability 1 — wp), a standard 1l step is performed. Note that using this mmeishg
arbitrarily long sequences of (possibly worsening) randeetk steps can be performed.
Therefore, as long as the given neighbourhood graph is cbehd.e., any two candi-
date solutions can be reached from each other by means oliarszgof search steps),
RIl, when run arbitrarily long, will find a solution to any sdile problem instance with
probability approaching onége., lim; .., Ps(RT < t) = 1, wherePs(RT < t) is the
probability that a solution is found in time at mast Algorithms with this property are
calledprobabilistically approximately complete (PAC)

The Min Conflicts Heuristic with Random Walk (WMCH)

By extending the Min Conflicts Heuristic with a simple randaralk mechanism, a ran-
domised iterative improvementalgorithm cal\MCHis obtained [116]. In each WMCH
step, first a variable; is chosen uniformly at random from the conflict set (as in MCH)
Then, with probabilitywp > 0, a random walk step is performeikg., z; is assigned a
value from its domainD; that has been chosen uniformly at random. In the remaining
cases, that is, with probability— wp, a conflict-minimising value is chosen and assigned,
as in a conventional MCH step.

The walk probabilitywp (also callednoise settiny has a critical impact on the be-
haviour of the algorithm. Fowp = 0, the algorithm is equivalent to the standard Min-
Conflicts Heuristic and hence essentially incomplete, butvfo > 0, WMCH is provably
probabilistically approximately complete (PAC). Intuily, for low walk probabilities,
the search process is likely to have difficulties escapiomflocal minima regions of the
search space, while for very high walk probabilities, ithdgour starts to resemble that
of an uninformed random walk, and it will increasingly ladkeetive heuristic guidance
towards solutions. However, for suitably chosemsettings, WMCH has been empirically
observed to perform substantially better than MCH with andestart [101].

2Most local search algorithms for CSP use connected neighbods; however, for more complex constraint
programming problems, connected neighbourhoods that easeaérched efficiently are sometimes difficult to
construct.
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Random walk steps in WMCH always involve a variable that appén a currently
unsatisfied constraint; they are therefore also catlauflict-directed random walk steps
However, different from the GWSAT algorithm [92] (describi the following), which
preceded and inspired WMCH, the conflict-directed randok atps in WMCH do not
necessarily render satisfied any previously unsatisfiedtcaint. WMCH can be varied
slightly such that in each random walk step, after choosimgréablez; involved in a
currently violated constrain, z; is assigned a value such thaiC' becomes satisfied; if
no suchw exists, a value is chosen at random. This variant was foupérform marginally
better than the random walk mechanism used in WMCH [101].

GSAT with Random Walk (GWSAT)

The basic GSAT algorithm can be significantly improved byeexting it with a random
walk mechanism similar to that used in WMCH. Here, in eachflegirdirected random
walk step, the variable to be flipped is selected uniformlyastdom from the set of all
variables appearing in currently unsatisfied clauses. Maiieas a result of any such step,
at least one previously unsatisfied clause will becomefgatisThis mechanism is closely
related to (and in fact inspired by) the conflict-directeddam walk algorithm by Pa-
padimitriou, which has been proven to solve 2-SAT in quadeatpected time [80].

GSAT with Random Walk (GWSABP] is variant of basic GSAT that in each local
search step probabilistically decides between performingsic GSAT step and a conflict-
directed random walk step (as previously explained). Ttieré&ype of step is chosen with
a fixed walk probabilitywp, and basic GSAT steps are performed otherwise. While for
wp = 0, GWSAT is equivalent to basic GSAT, it has been proven to lobabilistically
approximately complete (PAC) for amyp > 0 [47].

For suitably chosen walk probability settings (which vagpeeen problem instances,
butin many cases can be as high as 0.5), GWSAT achieves stiaydetter performance
than basic GSAT [92]. Furthermore, it has been shown thahwiséng sufficiently high
noise settings, GWSAT does not suffer from stagnation bielbavalso, for hard SAT in-
stances, it typically shows exponential run-time disttitns (RTDs) [44, 51]. Therefore,
static restarts are ineffective, and optimal speedup casbbagned by multiple indepen-
dent runs parallelisation [52]. For low noise settingsgstgion behaviour is frequently
observed; recently, there has been evidence that the ponéisig RTDs can be charac-
terised by mixtures of exponential distributions [46].

WalkSAT

The WalkSAT algorithm is conceptually closely related tabhhGWSAT and MCH; it
was first published by Selman, Kautz and Cohen [92], and is cawmonly known as
WalkSAT/SKCThis algorithm was later extended into an algorithmic fesrark called
the WalkSAT architectur§/3], which includes the original WalkSAT/SKC algorithm as
well as several other high-performance SLS algorithms #F 8s special cases (several
of these will be covered in later sections of this chapteujtiiermore, variants of WalkSAT
have been developed for more general classes of CSP instasaeell as for constraint
optimisation problems (see Section 8.6).

WalkSAT/SKC (and all other WalkSAT algorithms) are basedao®-stage variable
selection process similar to that used in MCH. In each loeatch step, first a clauge
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is selected uniformly at random from the set of all currenthsatisfied clauses. Then,
one of the variables appearingadris flipped to obtain a new assignment. The choice of
this variable is based on a heuristic scoring funcsoore,(z) that counts the number of
currently satisfied clauses that will be brokea, become unsatisfied, by flipping a given
variablez. Using this scoring function, the following variable sdlen scheme is applied:
If there is a variable: with score,(z) = 0 in the clause: selected in stage 1, that is,df
can be satisfied without breaking another clauss,flipped (this is called aero damage
step. If more than one such variable existsdnone of them is selected uniformly at
random and flipped. If no such variable exists, with a ceppagbability 1-p, the variable
with minimal scorg value is selectedgfeedy stepties are broken uniformly at random);
in the remaining cases, that is, with probabilityfthe so-calledhoise settinyj one of the
variables from is selected uniformly at randomandom walk step

Note that — like in GWSAT, but unlike in MCH — every step in W8IRT/SKC is
guaranteed to satisfy at least one previously unsatisfeadsel (but may at the same time
cause many others to become unsatisfied). Otherwise, WAIESBL uses the same ran-
dom search initialisation, static random restart mecharaad termination criterion as
GSAT.

Although it has been proven that WalkSAT/SKC with fixethxTriesparameter has
the PAC property when applied to 2-SAT [16], it is not knownaeiler the algorithm
is PAC in the general case. In practice, WalkSAT/SKC doesappiear to suffer from
any stagnation behaviour when using sufficiently high éinse-specific) noise settings, in
which case its run-time behaviour is characterised by eeptial RTDs [44, 51, 49]. As
in the case of GWSAT, stagnation behaviour is frequentleokes for low noise settings,
and there is some evidence that the corresponding RTDs celmalbacterised by mixtures
of exponential distributions [46].

Typically, when using (somewhat instance-specific) opedinoise settings, Walk-
SAT/SKC performs substantially better than GWSAFurthermore, because of its two-
stage variable selection scheme, WalkSAT/SKC (like aleoWalkSAT algorithms and
MCH variants), can be implemented efficiently without udiing incremental score update
technique essential for the efficient implementation of G8Ad GWSAT.

8.3 Tabu Search and Related Algorithms

The key idea behindabu Search (TYB5, 36] is to use memory to prevent the search
process from stagnating in local minima or, more generalffractive non-solution ar-
eas of the given search space.Simple Tabu Searclan iterative improvement strategy
is enhanced with a short-term memory that allows it to esdage local minima. This
memory is used to prevent the search from returning the neasntly visited search po-
sitions for a fixed number of search steps. Simple TS can b&eimgnted by explicitly
memorising previously visited candidate solutions anahgubut any step that would lead
back to those. More commonly, reversing recent search gqpgvented by forbidding
the re-introduction of solution components (such as assays of individual CSP vari-
ables) which have just been removed from the current catelgtdution. A parameter

3Several techniques have been proposed for automaticaiiggiihe noise setting for WalkSAT algorithms
(see Patterson and Kautz [83], Hoos [45]).
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calledtabu tenuredetermines the number of search steps for which theseatéstis ap-
ply. Note that forbidding possible steps using a tabu meishahas the same effect as
dynamically restricting the neighbourhodd(s) of the current candidate solutionto a
subsetN’ C N (s) of admissible neighbours

As an undesirable side-effect, this tabu mechanism cantsoeerule out search steps
that lead to interesting, unvisited areas of the searchespHoerefore, many tabu search
algorithms make use of a so-calladpiration criterion which specifies conditions under
which the tabu status of candidate solutions or solutiongmmments is overridden. One of
the most commonly used aspiration criteria overrides tha tsatus of steps that lead to
an improvement in thencumbent candidate solutipie., the best candidate solution seen
throughout the search process.

Min Conflicts Heuristic with Tabu Search (TMCH)

Extending MCH with a simple tabu search mechanism leadstdMCH algorithm [101,
98]. TMCH works exactly as MCH, except that after each seatep,i.e., after the value
of a variablez; is changed fromv to v/, the variable/value paifz;,v) is declared tabu
for the nexttt steps, wherét is thetabu tenureparameter. Whiléz;, v) is tabu, value
v is excluded from the selection of values fey, unless assigning to x; leads to an
improvement over the incumbent assignment (aspiratigerarn).

According to empirical evidence, TMCH typically performstter than WMCH. In-
terestingly, a tabu tenure setting tof= 2 was found to consistently result in good perfor-
mance for CSP instances of different types and sizes [101].

The Tabu Search Algorithm by Galinier and Hao (TS-GH)

Although conceptually quite similar to TMCH, the tabu sésatgorithm by Galinier and
Hao [29], TS-GH typically shows much better performance. TS-GH is basetthesame
neighbourhood and evaluation function as MCH, but usederdiit heuristic for selecting
the variable/value pair involved in each search step: Arsbal pairs(z,v’) for which
variablez appears in a currently violated constraint arids any value from the domain
of z, TS-GH chooses the one that leads to a maximal decrease ftuthker of violated
constraints. If multiple such pairs exist, one of them igstdd uniformly at random. As in
MCH, the actual search step is then performed by assignittge. This best-improvement
strategy is augmented with the same tabu mechanism used GHTI Mfter changing the
assignment of from v to ¢/, the variable value paifz, v) is declared tabu fott search
steps. Furthermore, the same aspiration criterion is wsedable the algorithm to perform
search steps that lead to improvements over the incumbsigihasent regardless of the
tabu status of respective variable/value pair.

Unlike for the MCH variants discussed so far, efficient inmpétations of TS-GH cru-
cially depend on an incremental update mechanism for etratufunction values similar
to the one used in GSAT. The basic idea is to maintain the tsffifcany potential search
step on the evaluation functiond., the number of conflicts resulting from any search step)
in a two-dimensional table of size x k, wheren is the number of variables, arkds the
size of the largest domain in the given CSP instance.

Furthermore, the tabu mechanism can be implemented efficemfollows. For each
variable/value paifz, v) the search step numbgr, whenz was last set to is memorised.
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When initialising the search, all thg , are set to-tt; subsequently, every time a variable
x is set to a value, ¢, , is set to the current search step numhewhere search steps
are counted starting from 0 at the initialisation of the sharocess. A variable/value pair
(z,v) is tabu if, and only ift — ¢, , < tt. By using this technique in combination with
the previously described incremental update mechanisanclsesteps of TS-GH can be
performed as efficiently as those of MCH.

TS-GH was originally introduced as an algorithm for MAX-C8# optimisation vari-
ant of CSP in which the objective is to find a variable assigmriteat satisfies a maximal
number of constraints (see Section 8.6). Empirical stusiiggest that when applied to
the conventional CSP, TS-GH generally achieves betteopaence than any other MCH
variant, including TMCH, rendering it one of the best SLSaaithms for the CSP cur-
rently known [101]. Unlike in the case of TMCH, the optimattsgg of the tabu tenure
parameter in TS-GH tends to increase with instance sizenthakes it considerably harder
to solve new CSP instances with peak efficiency [101].

GSAT with Tabu Search

Integrating a simple tabu search strategy into the bestawgment procedure underlying
basic GSAT leads to an algorithm call&BAT with Tabu Search (GSAT/Talpa, 98].
In GSAT/Tabu, tabu status is associated with the propwositivariables in the given for-
mula. After a variabler has been flipped, it cannot be flipped back within the rtext
steps, where the tabu tenutg,is a parameter of the algorithm. In each search step, the
variable to be flipped is selected as in basic GSAT, exceptthigachoice is restricted to
variables that are currently not tabu. Upon search irsiion, the tabu status of all vari-
ables is cleared. Otherwise, GSAT/Tabu works exactly asTGB#particular, it uses the
same restart mechanism and termination criterion. As icéise of TMCH, to implement
GSAT/Tabu efficiently, it is crucial to use incremental seopdating and tabu mechanisms.
Unlike in the case of GWSAT, it is not clear whether GSAT/Tabith fixed maxTries
parameter has the PAC property. Intuitively, for latythe algorithm may not be able
to escape from extensive local minima regions, while fohhigsettings, all the routes
to a solution may be cut off, because too many variables ée t&lowever, when us-
ing instance-specific, optimised tabu tenure settings, TdB#u typically performs sig-
nificantly better than GWSAT with similarly optimised paratars. This is particularly
the case for large and structured SAT instances [49]; thexetowever, a few excep-
tional cases where GSAT/Tabu performs substantially witvae GWSAT, including well-
known SAT-encoded instances of logistics planning prokletmalogously to basic GSAT,
GSAT/Tabu can be extended with a random walk mechanisntgith@xperimentation sug-
gests that typically this hybrid algorithm does not perfdretter than GSAT/Tabu [98].

WalkSAT with Tabu Search

Like GSAT and MCH, WalkSAT/SKC can be extended with a simpleut search mech-
anism. WalkSAT/Tabi73] uses the same two stage selection mechanism and the same
scoring functionscorg as WalkSAT/SKC and additionally enforces a tabu tenuret of
steps for each flipped variable. (To implement this tabu raeism efficiently, the same
approach is used as previously described for TS-GH.) If éhected clause does not al-

low a zero damage step, of all the variables occurringtirat are not tabu, WalkSAT/Tabu
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picks the one with the highestorg value; when there are several variables with the same
maximal score, one of them is selected uniformly at randontakes where all variables
appearing in the selected clausare tabu, the variable assignment remains unchanged (a
so-callednull-flip), but the current tabu tenure values for all variables demexactly as
after any other flip.

WalkSAT/Tabu with fixedmaxTriesparameter has been proven to be essentially in-
complete [44, 47]. Although this is mainly caused by nuppsliit is not clear whether re-
placing null-flips by random walk steps, for instance, woakdsufficient for obtaining the
PAC property. In practice, however, WalkSAT/Tabu typiggderforms significantly better
than WalkSAT/SKC, especially on structured SAT instansesh as large SAT-encoded
blocks world planning problems [49].

Novelty and Variants

The Noveltyalgorithm [73] is derived from the WalkSAT framework. Likakiu search,
Novelty uses a limited information on the search historymoiésearch stagnation. More
specifically, its variable selection mechanism is basederirttuition that repeatedly flip-
ping back and forth the same variable should be avoided. mbihanism is based on the
age of a variablésee also Gent and Walsh [33]k., the number of flips that have occurred
since it was last flipped. Different from WalkSAT/SKC and W&AT/Tabu, Novelty and
its more recent variants use the same variable scoringibumas GSAT].e,, the difference
in the number of unsatisfied clauses caused by the respéigive

In each step of Novelty, after an unsatisfied clauses been chosen uniformly at
random (exactly as in WalkSAT/SKC), the variable to be flgeselected as follows. If
the variabler with the highest score does not have minimal age among thales inc,
it is always selected. Otherwise,s only selected with a probability df-p, wherep is a
parameter called theoise settingln the remaining cases, the variable with the next lower
score is selected. When sorting the variables accordinbeio scores, ties are broken
according to decreasing age. (If there are several vasahikh identical score and age,
the reference implementation by Kautz and Selman alwayesg®othe one that appears
firstin ¢.) Novelty (and the advanced variants described below)hesdame initialisation
procedure, restart mechanism and termination conditiodhakSAT/SKC.

Note that even fop > 0, Novelty is significantly greedier than WalkSAT/SKC, since
always one of the two most improving variables from a clagsselected, where Walk-
SAT/SKC may select any variable if no improvement withowgaking other clauses can
be achieved. Precisely for this reason, Novelty is provabentially incomplete for fixed
maxTriessetting and has been shown to occasionally suffer from mrgtagnation on
several commonly used benchmark instances [44, 49]. It dsayte noted that, different
from WalkSAT/SKC, the Novelty strategy for variable selentwithin a clause is com-
pletely deterministic for botp = 0 andp = 1. Sitill, in most cases, Novelty shows
significantly improved performance over WalkSAT/SKC andkSa#T/Tabu [73, 49].

R-Novelty [73], a variant of Novelty that uses a more complasiable selection mech-
anism, performs often, but not always, better than Novédtydetails, see McAllester et al.
[73] or Chapter 6 of Hoos and Stitzle [52]). Despite its use of a loop-breaking strategy
designed to prevent search stagnation, this algorithresififorn the effects of its provable
essential incompleteness [44, 47], but it sometimes pas@omewhat better than Novelty
[73, 49].
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Both Novelty and R-Novelty can be easily extended with a sngonflict-directed
random walk mechanism similar to that used in GWSAT; this ,whg essential incom-
pleteness as well as the empirically observed stagnatibavieur are effectively over-
come. TheNovelty" algorithm [44, 47] selects the variable to be flipped acauydo the
standard Novelty mechanism with probability- wp, and makes a uniform random choice
from the selected clause in the remaining cagedNovelty is obtained from R-Novelty
in the same way, but does not make use of R-Novelty’s loopKing mechanism.

Novelty™ is provably PAC forwp > 0 and shows exponential RTDs for sufficiently
high (instance-specific) settings of the primary noise ipeter,p. In practice, small walk
probabilitieswp, are generally sufficient to prevent the extreme stagnabraviour occa-
sionally observed for Novelty and to achieve substant&liyerior performance compared
to Novelty. In fact, the algorithm’s behaviour appears tonfiech more robust w.r.t. the
wp parameter than w.r.t. the primary noise settipgand uniformly good performance
has been observed fovp = 0.01 [47]. It may be noted that in cases where Novelty
does not suffer from stagnation behaviour, Novelyperformance fowp = 0.01 is typ-
ically almost identical to Novelty’s. Similar observatmhold for R-Novelty ; however,
there is some indication that R-Novetltyloes not reach the performance of the conceptu-
ally simpler Novelty" algorithm on several classes of structured SAT instanoekjding
SAT-encoded hard graph colouring and planning problemis [49

Adaptive Novelty" [45] is an extension of Noveltythat dynamically adapts the noise
parameter during the search process and hence does naerétsiparameter to be tuned
manually. An efficient implementation of this algorithm wiéirst prize in the random
category of the SAT 2004 SAT Solvers Competition. Noveltya+nore recent variant of
Novelty, has been found to perform better than Novelty many cases; its performance
can be further improved by hybridising the underlying viléaselection mechanism with
a greedy iterative improvement strategy similar to thatarlyihg GSAT [69].

8.4 Penalty-based Local Search Algorithms

An alternative to extending an iterative improvement sggtsuch that it can escape from
local minima of a given evaluation function is to modify theakiation function when the
search process is about to stagnate in a local minimum [#i% dpproach is also known
asDynamic Local Search (DL$%2].

Penalty-based algorithms modify the evaluation functipmgans openalty weights
which are associated with solution components or otheufeatof candidate solutions; in
the case of the CSP, penalty weights are usually associdtiedhs constraint relations of
the given CSP instance and for SAT, analogously, with thesgla of the given CNF for-
mula (in the latter case, the penalty weights are oftenmedfiedo asclause weighfs These
penalty weights are modified during the search processodspenalty-based algorithms
differ in their underlying local search strategy and the hagism used for penalty modi-
fication. The latter, in particular, can have a significanpétt on the performance of the
algorithm.

Penalty-based algorithms have sometimes been motivatieligtuition that by mod-
ifying the evaluation function, local minima can be elimtied or, in the case of CSP,
the search process can learn to distinguish ‘importanthfless critical constraints, thus
making it easier to find solutiong €., global optima). There is, however, increasing evi-
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dence that the primary reason for the excellent performahcerrent penalty-based algo-

rithms lies rather in the effective search diversificatianged by the penalty modifications
[111, 103]. The idea of diversifying search effort to diffat parts of the search space as
needed in a specific situation has a long history in operatiesearch — see, for example,
Koopman [61] and Stone [99].

GENET and the Breakout Method

GENET [119, 107, 20, 17] was one of the earliest penalty-thasgorithms in constraint
satisfaction. Itis based on a neural network design wittesedpresenting atomic variable
assignments and links connecting conflicting atomic assegrts. More precisely, a binary
CSP instance is represented by a network in which for eadhbtarthere is a cluster of
label nodeghat correspond to the values the variable can take. Anygfdabel nodes
that correspond to variable assignments violating anytcaing is connected by a link. A
penalty weight is associated with every link in the netwatkthe beginning of the search
process, these weights are all set to one and a random lateImeach cluster is switched
on.

At any stage of the search, exactly one node per cluster tstsed on, that is, every
variable has a unique value assigned to it, and the stateeaidtwork corresponds to a
complete variable assignment. Each label node receivgsald$iom each of its neighbor-
ing nodes that are switched on. The strength of the signaluialeo the weight associated
with the connection. For each cluster, the node that reséieleast amount of inhibitory
signals is switched on. Note that when all penalty weightsoere, GENET resembles the
Min-Conflicts Heuristic [76, 77].

Motivated by hardware implementations of neural netwattks variable whose cluster
is updated in a given search step is chosen asynchronooghjerented on a sequential
machine, clusters are updated sequentially in a randonm or@éach iteration. Whenever
the network settles in a stable state, that is, when there ishange of the active node
within any cluster that would reduce the total weight of exlgetween active nodes, the
weight of all edges between active nodes are increased hyAma result, the network
may become unstable again.

The ‘energy’ of a network state (which is returned by the estbn function) is the
total amount of input received by all the nodes that are $witicon in that state [18]. The
stable states of the network correspond to the local minint@®evaluation function, and
GENET reaches these by performing iterative improvememisstif the energy is 0, then
a solution to the CSP has been found.

GENET was extended to non-binary constraint satisfactioblpms by using hyper-
edges as links in the network [119, 20, 67, 68]. Stuckey and [[E00] used such an
extension of GENET to mutate chromosomes in an evolutioalggrithm. The resulting
memetic algorithm was demonstrated to be effective in sghtiard CSP instances. Vari-
ants of GENET have also been used to solve challenging icessaof a car sequencing
problem [19].

The Breakout Method [78] is another early penalty-basedritgn for the CSP. Un-
like GENET, it associates a single penalty weight with eamhstraint of the given CSP
instance and uses an evaluation function that maps eaabladssignment to the total
weighted of the constraints violated underOtherwise, the two algorithms are basically
identical. In particular, like GENET, the Breakout Methaitialises all penalty weights
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to one and uses iterative improvement until a local minima&sévaluation function is
reached, at which point the weights of all unsatisfied casts are incremented by one
before the search is continued.

Guided Local Search (GLS)

Unlike GENET or the Breakout Method, which were designeteaspecifically for con-
straint satisfaction problem§uided Local Search (GL$)11] is a more general penalty-
based method that has been used for combinatorial decisimgtimisation problems
(such as SAT and TSP, respectively) [113].

As a penalty-based method, GLS associates penalties wittothstraints of the given
CSP instance. GLS uses an augmented evaluation functitwe édtm

g'(a) = gla) + A th(a), (8.1)

wherea is a complete variable assignmefs) is the evaluation function value af(here:
the number of constraints unsatisfied undgrp; is the penalty of constrairit and;(a)
is an indicator function with valug if constraint; is violated undet and0 otherwise.

All penalties are initialised to 0 at the beginning of thersbaand penalty changes
are applied whenever the search process reaches a locatuminef f. The penalties to
be increased in a given local minimum are selected such llegt mnaximise theutility
function

utily(a) = Ii(a) - ¢(2)/(1 + p;) (8.2)

wherea, I;(a), g(a) andp; are defined as in Eq. 8.1, anfl) is the cost of having con-
straint: unsatisfied. This cost is set to one for all constraints inaada&rd CSP, but by
using different cost values, GLS can be easily extended tinggation variants of the
CSP with weighted constraints. This selection mechanissures that only penalties of
currently violated constraints are increased. Seconldymore a constraint has been pe-
nalised, the less incentive there is for penalising it agehiis facilitates diversification of
the search. Each penalty selected is increased by one at aRinmally, when non-uniform
constraint costs are used, this strategy keeps the seangbeft on satisfying higher-cost
constraints. This carefully designed penalty update nr@shahas been proven to be use-
ful in various applications, including BT's scheduling ptem [106] and a version of the
Radio-Link Frequency Assignment Problgh2], an abstracted military communications
problem originating from the CALMA project [8].

One of the attractive properties of GLS is that it has only wr@gor parameter, namely
A, to tune. One good heuristic is to set the value ¢d a fraction (between 0 and 1) of the
cost of the first local minimum encountered by GLS. This aflowto be selected according
to the characteristics of the given problem instance. Atithe of publication, GLS was
shown to be competitive with other high-performance alfons on a widely studied set
of 11 benchmark problems. More recently, GLS has been egtbtwdincorporate random
moves and aspiration [74]. The resulting algorithaxtended GLSwas shown to be at
least as effective as GLS, but significantly less sensititbe value of the\ parameter for
the problems it was tested on (which included SAT, Weighté@dBAT and the Quadratic
Assignment Problem).
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GSAT with Clause Weights

This early penalty-based algorithm for SAT was motivatedtis observation that when
performing multiple runs of basic GSAT on some types of dtrrerd SAT instances, certain
clauses tend to be unsatisfied at the end of each run. The éhéadsSAT with Clause
Weights[90] is to bias the search process towards satisfying suablpm clauses’ by
associating weights with them. More precisely, weightsem®ociated with each clause.
These are initially set to one; but before each restart, thights of all currently unsatisfied
clauses are increased by= 1. The underlying local search procedure is a variant of basic
GSAT that uses a modified evaluation functigh(F’, ) which measures the total weight
of all clauses in the given formul&' that are unsatisfied under assignment Search
initialisation, restart and termination are as in basic EBSA variant called ‘Averaging
In” uses a modified search initialisation that introducesae bowards the best candidate
solutions reached in previous local search phases [90].)

GSAT with Clause Weights was found to perform substantiadiiter than basic GSAT
on various classes of structured SAT instances, includiiehicoded graph colouring
problems; furthermore, there is some indication that bypgishe same clause weighting
mechanism with GWSAT, further performance improvements lsa achieved [90]. To
date, both of these algorithms are outperformed by Walk3gdriéhms such as Novelty
and by state-of-the-art penalty-based algorithms, su@Ad&S (which is covered later in
this section) and PAWS [102]. Several variants of GSAT witauSe Weights have been
studied by Cha and lwama [12]. Some of these use slight i@m&bf the weight update
scheme and a simple form of tabu search. However, from timeiteld empirical results
it is doubtful that any of these variations achieves sigaiftqperformance improvements
over the original GSAT with Clause Weights algorithm.

Several variants of GSAT with Clause Weights that perforrgiMeupdates after each
local search step have been proposed and studied by FranR{R6These are based on
the idea that GSAT should benefit from discovering which stsuare most difficult to
satisfy relative to recent assignments. The most basicesfetlvariants, calleWGSAT
uses the same weight initialisation and update procedu@&Sas with Clause Weights,
but performs only a single GSAT step before updating thesdaweights. A modification
of this algorithm, calledJGSAT restricts the neighbourhood considered in each search
step to the set of variables appearing in currently unsadisflauses [26]. (This is the
same neighbourhood as used in the random walk steps of G\)/BAlile this leads to
considerable speedups for naive implementations of tHenlying local search procedure,
the difference for efficient implementations is likely to imsufficient to render UGSAT
competitive with other GSAT variants, such as GWSAT.

Frank also studied a variant of WGSAT in which the clause Wsigire subject to a
uniform decay overtime [27]. The underlying idea is thatrilative importance of clauses
w.r.t. their satisfaction status can change during thecbeand hence a mechanism is
needed that focuses the weighted search on the most reaasdisfied clauses. Although
using this decay mechanism slightly improves the perfocaafWGSAT when measured
in terms of variable flips, this gain is insufficient to amsetithe added time complexity of
the frequent weight update steps. However, similar meshasfor focusing the search on
recently unsatisfied clauses play a crucial role in stattvefart penalty-based algorithms
for SAT that are covered later in this section.
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The Discrete Lagrangian Method (DLM)

The use of penalties in dynamic local search is conceptehibely related to the use of
Lagrange multipliers for solving continuous constraingtimisation problems [93, 115].
For a constrained optimisation problem in which a functfd#) is to be minimised subject
to equality constraintg; (¥) = 0, we can define the Lagrangian function

L(ZX) = f(Z) + Z)\igi(f) (8.3)

where the); are continuous variables calléggrange multipliers Note that these play
the same role as the penalty weights in the augmented eialdanction typically used in
the previously discussed penalty-based algorithms. Ibeashown that a local minimum
satisfying all equality constraints can be obtained by figdh saddle point of, i.e., a
point (Z*, X*) such that

L(z*,X) < L(@*, X) < L(&, X") (8.4)

for all (z*, X) and(Zz, X*) sufficiently close taz*, X*). Based on this result, the problem
of finding a local minimum of a constrained optimisation desh can be reduced to the
problem of finding a saddle point of an unconstrained opttios problem. This latter
task can be achieved by performing iterative improvemen, (in the form of gradient
descent) orl using the variableg in combination with iterative ascent ah using the
Lagrange multiplier§. In a local minimumz of f that does not satisfy all constraints,
increasing the Lagrange multipliers has the effect of meas/Hy penalising violated con-
straints. Eventually, for some value af L(Z, X) is no longer a local minimum, such
that further minimisation by modifying becomes possible, resulting in fewer violated
constraints.

This well-known approach for solving continuous constediptimisation problems
provided the motivation for Shang and Wah’s DLM algorithm 8AT [93]. The basic
idea behind this dynamic local search algorithm is to penfderative best improvement
on the same augmented evaluation function used in GSAT \étse weights (this corre-
sponds to the minimisation df(Z, \) overZz). Whenever a local minimum is reached, the
penalties for all unsatisfied clauses are increased (thiegponds to the ascent &z, X)
by modifying X), until some previously worsening variable flip becomesrovmg, and
hence the search process is no longer stuck in a local minifibimbasic version of DLM
for SAT also uses a tabu mechanism equivalent to that four@@lSAT/Tabu, as well as
periodic decreases of all clause penalties to avoid nuadenerflow. Furthermore, before
the search process is started, the given formula is singblifigoerforming a complete pass
of unit propagation.

Several extensions of the basic DLM algorithm have been shovachieve improved
performance [122, 121]; these use various memory-basetianeens for avoiding and
overcoming search stagnation more effectively (for anaeerof these methods, see Hoos
and Stitzle[52].) All of these algorithms have arelatively large number of parameters that
need to be tuned carefully in order to achieve peak perfocemarbLM has also been
applied to weighted MAX-SAT problems [115], while extenssdo non-binary problems
represent an interesting research direction.

It should be noted that despite the close conceptual rakttip between the approaches,
important mathematical properties of Lagrangian methodsdntinuous optimisation do
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not carry over to DLM. This is primarily due to the heuristi@amanisms used by DLM
for determining search steps, as opposed to the rigorousf usivatives of the objective
function in continuous Lagrangian methods.

ESG and SAPS

The Exponentiated Subgradient (ESG) algoritli@®] was originally motivated by sub-
gradient optimisation, a well-known method for minimisibggrangian functions that is
widely used for generating lower bounds for branch-andadalgorithms. As a penalty-
based algorithms for SAT, ESG associates penalty weigltstive clauses of the given
CNF formula that are modified during the search process. &aeh is started from a ran-
domly selected variable assignment after initialisingcéduse weights to one. The local
search procedure underlying ESG for SAT is based on a besbirament search method
that can be seen as a simple variant of GSAT; in each locatlsesep, the variable to be
flipped is selected uniformly at random from the set of allakles that appear in currently
unsatisfied clauses and whose flipping leads to a maximaédserin the total weight of
unsatisfied clauses. When reaching a local minimuen én assignment in which flipping
any variable that appears in an unsatisfied clause wouldeadtto a decrease in the to-
tal weight of unsatisfied clauses), with probabilitythe search is continued by flipping
a variable that is uniformly chosen at random from the setllofaaiables appearing in
unsatisfied clauses; otherwise, the local search phasaristged.

After each local search phase, the clause weights are upithatiwo stages: First, the
weights of all clauses are multiplied by a factor that degenid the respective satisfac-
tion status (scaling stage): weights of satisfied clausesraiitiplied by a.:, weights
of unsatisfied clauses hy,,.:. Then, all clause weights are updated using the formula
chw(c) := clw(c) - p+ (1 — p) - w (smoothing stage), where is the average of all clause
weights after scaling, and the parameidras a fixed value between zero and one. The
algorithm terminates when a satisfying assignmenttfdras been found or when a given
bound on the number of search steps has been reached.

Compared to the underlying local search steps, a weighttapglaomputationally ex-
pensive, since it involves modifications of all clause wésgtAdditionally, experimental
evidence indicates that local search phases in ESG areatlypguite short, and there-
fore the expensive smoothing operations have to be perfbrataer frequently [52, 53].
Even with the use of special implementation techniquesttbt ameliorate this problem,
Southey and Schuurmans’ highly optimised reference imetgation of ESG for SAT
does not always reach the performance of high-performaradeSXT algorithms such
as Novelty". Compared to DLM-2000-SAT, ESG-SAT typically requires &svsteps for
finding a model of a given formula, but in terms of CPU-timettbalgorithms show very
similar performance [89, 53]. It may be noted that the gdrie®s framework has been
originally proposed for the more general Boolean lineagpranming (BLP) problem, and
it has also been applied quite successfully to combindtauietions winner determination
problems [89].

The Scaling and Probabilistic Smoothing (SAPS) algoritbynHutter et al. [53] is
based on the insight that the expensive weight update scimeEfeG can be replaced by
a much more efficient procedure without negative impact erutiderlying search proce-
dure. SAPS can be seen as a variant of ESG that uses a modifigitt wpdate scheme,
in which the scaling stage is restricted to the weights ofently unsatisfied clauses, and
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smoothing is only performed with a certain probability,, ... The first of these mod-

ifications is also used in Southey and Schuurmans’ effici&® Enplementation; but it

is the probabilistic, and hence less frequent, smoothiagrdsults in a substantial per-
formance improvement over ESG and also renders superflnespecial implementation
tricks that are crucial for achieving good performance icESAPS was shown to perform
substantially better than ESG, DLM-2000-SAT and high-perfance WalkSAT variants
[53]; however, there are some types of SAT instances (iriquéat, hard and large SAT
encoded graph colouring instances), for which SAPS doeseaah the performance of
Novelty™*.

A reactive variant of SAPRSAP$53], automatically adjusts the smoothing probabil-
ity psmootr during the search, using a mechanism that is very simildrd@te underlying
Adaptive WalkSAT [45]. RSAPS sometimes achieves signifigdretter performance than
SAPS; however, it still has other parameters, in particuber scaling factoty,,,, sq:, that
need to be manually optimised.

8.5 Other Approaches

Besides the algorithms covered in the previous sectionsyrmther local search methods
have been applied in the context of solving CSPs. Within trdines of this chapter it is
impossible to present a complete survey of the large andirgezasing number of local
search algorithms for the CSP and closely related problsaty as the Graph Colouring
Problem and SAT. Therefore, the algorithms mentioned irfdtHewing were selected to
illustrate some of the major approaches.

There is a large body of work on evolutionary algorithms fonstraint satisfaction
problems. Some of the earliest work include Tsang and W&r{ti@8], Paredis [82], Hao
and Dorne [39], Warwick and Tsang [120] and Riff Rojas [8 Maéhen et al. [14] provides
on overview and comparison of more recent evolutionaryrityps. GENET and GLS
have been used as subsidiary search procedures in menggtiittahs for constraint sat-
isfaction [100] and optimisation [43]. Galinier and Hao [8@ve developed a specialised
memetic algorithm for the Graph Colouring Problem (GCP} thees short runs of an ef-
fective tabu search algorithm as its subsidiary searchegghae; this algorithm is one of
the most effective GCP algorithms currently known.

Hao and Dorne [39] used a specialised genetic algorithmaakahe space of partial
assignments. Lau [64] developed the Guided Genetic Algor{GGA), which applies the
principle of Guided Local Search in a genetic algorithm. Tden is to use penalties to
construct a fitness template, which guides crossover andtiontin a genetic algorithm
such that better assignments will be chosen in the selegtaress with higher probability.
GGA has been applied successfully to the Processor Confiigufroblem [65], the Gen-
eral Assignment Problem in scheduling [64], and to a versfdhe Radio-Link Frequency
Assignment Problem [66].

Constraints are used to help evolutionary algorithms $eefficiently. This is done by
modifying the objective functions in evolutionary comptiga. For example, Yu et al.
[125] used penalties to guide the search away from ‘poorasref the search space,
whereas Li [70], Tsang and Li [105], and Jin [54] used incetito guide the search
towards promising areas.
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Ant colony optimisation (ACQ#n population-based stochastic local search method in-
spired by the path-finding behaviour of ants [22], has begiieg with some success to
the CSP [96], and in particular, to permutation constraatisgaction problems, such as
car sequencing [95], and to binary CSPs [110]. Other wideBdustochastic local search
methods have been applied to specific types of CSP instarfemsexample, there are
varioussimulated annealing algorithnfsr the graph colouring problem (GCP) [55] and
SAT [97]. Likewise, severdterated local search algorithmisave been developed for the
GCP [13, 81] and MAX-SAT [123, 94]. A generalisation of GSAT €SP that also in-
cludes various additional SLS mechanisms, including remd@lk and clause penalties,
was developed by Kask and Dechter [56] and later extenddd avitee search mecha-
nism based on cycle-cutsets [57]. Walser [117] has intredecWalkSAT algorithm for
Pseudo-Boolean CSP (a well-known special case of CSP)hvitnidudes a tabu mecha-
nism as well as biased random search initialisation.

Local search does not have to be incompleteSystematic Local Sear¢d0] and re-
lated approaches(g, Richards et al. [86]), completeness is achieved throughgtording
and resolution oho-goodswvhenever the underlying local search algorithm encoursters
local minimum. When a no-good is encountered, resoluti@itesmpted: for example, if
both “P=true and@=true” and ‘P=true and@=false” have been encountered, then they
are replaced byP=true” (a technique often used iruth maintenance systepsee.e.g,
Doyle [23]). These no-goods help Systematic Local seardstape from local optima
and to achieve completeness, a desirable property whichotizer local search methods
do not enjoy: When bothP=true” and “P=false” are found to be no-goods for aii
the given CSP instance has been shown to be unsatisfiablehiBva completeness, Sys-
tematic Local Search may record an exponential number afauals in the worst case.
However, with careful memory management, the algorithmbeen demonstrated to be
effective for job shop scheduling problems [21].

Constrained Local Seard85] is an example for an approach that searches over partial
assignments that do not violate any constraints. Basedyoamic backtracking34],
Constrained Local Search conducts a depth-first search.n&vke a partial assignment
cannot be further extended, a randomly chosen atomic amssignis removed from it,
such that the search can be continued in a different direcbespite its use of depth-first
search, Constrained Local Search is incomplete.

Most local search algorithms for CSP use neighbourhootioekathat restrict search
steps to modifying the value of only one variable at a time.wkler, the use of larger
neighbourhoods can sometimes be advantageous; for exatmplswap neighbourhood,
in which search steps swap the values of two variables, has bsed successfully on
sequencing problems in conjunction with GENET [19]. Largégghbourhoods are more
commonly used in SLS algorithms for constraint optimisagpiooblems (see next section).

8.6 Local Search for Constraint Optimisation Problems

Many real-life problems are over-constrained. For exapmipla production planning appli-
cation, there may be insufficient resources to completexahgobs within their respective
deadlines. In this situation, it may be desirable to find aifda assignment of resources
such that the total amount of revenue generated is maximib&dtype of optimisation
problem is referred to asraaximal utility problenj104]. In other cases, some constraints



266 8. Local Search Methods

may be violated, but doing so incurs a penalty cost. The tibgeis then to find a solution
with minimal penalty; this is known as theinimal violation problenj104].

These types of problems can be modelled by extending camssi@tisfaction prob-
lems to include optimisation objectives. In the simpleste;dhe problem is represented as
a CSP instance, but the objective becomes to find a variadipesent that satisfies a max-
imal number of constraintdfAX-CSH. Note that this is equivalent to finding a variable
assignment that minimises the total number of violated taimds. In many cases, not all
constraints are equally important.\Iveighted MAX-CSRhis is captured by weights asso-
ciated with the individual constraints, and the objectiéi maximise the total weight of
the satisfied constraints. More general formalisationostraint optimisation problems
include Partial CSP [28], Semi-Ring Based CSP [7] and ValD§@ [88].

A widely studied special case of MAX-CSP and Weighted MAXFCIS the optimi-
sation variant of SATMAX-SAT Given a propositional formul&’ in conjunctive normal
form, the objective in MAX-SAT is to find an assignment of trvialues to the variables in
F' such that a maximum number of clausedins satisfied. InWeighted MAX-SATeach
clause has an associated weight, and the goal is to find agnassnt that maximises the
total weight of the satisfied clauses. MAX-SAT and Weighte8SAT are of particular
interest in algorithm development because of their con@@mimplicity in combination
with the fact that any Weighted MAX-CSP instance can be fanged into a Weighted
MAX-SAT instance (at the price of losing structures of thestpaint graph and searching
a somewhat larger space).

Local search methods are naturally suited for solving cairgtoptimisation problems
[42]. In particular, most local search algorithms for theRC&n be directly applied to
MAX-CSP, since their evaluation function directly corresgs to the optimisation objec-
tive of minimising the number of violated constraints. Maver, these algorithms can be
extended to Weighted MAX-CSP by modifying the standardwestédn function (number
of constraints violated under a given assignment) suchitimaaps each variable assign-
ment to the total weight of the constraints violated undésete,e.g, Lau [63]). In spe-
cial cases, different evaluation functions may be usetuliekample, Walser's WalkSAT
algorithm for Overconstrained Pseudo-Boolean CSP witld lad soft constraints uses
an evaluation function that takes into account the degregotdition of the given linear
pseudo-Boolean constraint relations [118].

It is worth noting that when generalising dynamic local seamethods to Weighted
MAX-CSP, there is no single ‘correct’ way to integrate thenstaint weights and the
penalty values into the augmented evaluation functiorh&jes the most obvious approach
is to simply add the weights and penalties over all violateastraints (sees.g, Wah and
Shang [115]). An alternate solution was found to work betteGLS, where constraint
weights are used for determining the penalty values to lre@sed after each local search
phase, but do not appear in the augmented evaluation fursgée Section 8.4). A similar
approach is taken in Wu and Wah'’s DLM algorithm for Weighted XASAT [122], where
the clause weights are used for penalty initialisation godhte, but not in the evaluation
function.

Larger neighbourhoods, which allow more than one variableetchanged in a single
local search step, have been more extensively studied ikahtext of in local search
for constraint optimisation than in the case of CSP. For etamYagiura and Ibaraki
[123] have developed various types of SLS algorithms for M8XT based on 2- and
3-flip neighbourhoods. Large neighbourhoods have also beed successfully in vari-
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ous application-relevant combinatorial optimisationipeons (seeg.g, Yao [124], Tsang
and Voudouris [106], Ahuja et al. [2], Abdullah et al. [1])n &ll of these cases, special
techniques have to be used in order to search these larggoeidioods efficiently.

Local search algorithms play a major role in solving refd-Gonstraint optimisation
problems, because in many cases, they are able to find higtygsolutions more ef-
ficiently than other approaches. For example, GLS has bemmgorated into ILOG's
Dispatcher system (ILOG is the market leader in commeroiastraint programming soft-
ware) [3, 60]. Dispatcher was specifically designed for glehiouting, a prominent prob-
lem in Operations Research which is of central importandbéntransportation business
(see Chapter 23). Generally, local search algorithms cizm &fe very usefully applied in
combination with other methods. For example, branch-amght algorithms can benefit
significantly from high-quality bounds obtained by highfpemance local search meth-
ods.

8.7 Frameworks and Toolkits for Local Search

Both the development of local search algorithm for solvingstraint satisfaction and op-
timisation problems and their practical application atefreatly facilitated by software
frameworks and programming toolkits. This is particuldilg case when dealing with con-
ceptually complex constraint programming problems. Syskesns can substantially ease
the burden associated with achieving efficient impleménatof SLS algorithms. They
also facilitate software reuse and support the separafigmmablem formulation (mod-
elling) and solving. In the following, we give a brief oveew of some of the better known
frameworks and toolkits that support SLS algorithms; wedee of these are general com-
binatorial optimisation or constraint programming systeothers are specifically focused
on local search methods.

ILOG Solveris a commercial system which provides users with a C++ lipthat
implements state-of-the-art algorithms for constraitis&zction and optimisation. The
OPL interface to ILOG Solver supports a rich declarativetaythat can be used to define
the structure of problems and heuristics [4IJOG Dispatcheris a specialised package
for vehicle routing that supports a variety of local seargoathms.

The commercialOpt system implements a wide range of SLS methods. Through a
graphic interface, iOpt allows users to experiment witledént local search strategies and
to construct hybrid algorithms. It also provides an abstcéass library in Java that can
be used to implement local search methods [114]. Simil#nky,.freely available object-
oriented framework&asylLocal++[31] and HotFrame[25] support the design and im-
plementation of local search algorithms in C++. In theseeg&noptimisation systems,
problem-independent parts of the algorithms are capturdidei form of abstract classes,
which are specialised by the user to implement problemiipatgorithms.

The COMET programming language supports both modeling and seard¢taatians
in constraint programming. It allows users to specify andtad local search algorithms
using constraints, modelling and search abstractions,itamas been applied to a wide
range of combinatorial problems [42]. The conceptuallated SALSAlanguage facili-
tates the concise, declarative definition of local, systen@and hybrid search algorithms
[62]. Finally, the freely availabl@DC system aims to help non-experts in constraint pro-
gramming by providing them with a simple declarative larggigEaCL) and a graphic
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user interface. Itimplements a number of local search #hgus, including Guided Local
Search [10, 109].

Regardless of whether local search algorithms are realistiih such a framework
or environment or implemented ‘from scratch’, it is very ionfant for the reproducibility
of empirical results to ensure that their published desiomng are accurate and complete
(covering also all performance-critical implementaticetails). Furthermore, whenever
possible, reference implementations should be made blattathe research communtty.

8.8 Conclusions and Outlook

Among the various approaches for solving constraint pmognang problems such as the
CSP, local search methods are of considerable interesséamehers and practitioners.
Although most local search algorithms are incomplete, imyrzases, their performance
scales better with instance size than that of completegsyatic search algorithms. Conse-
quently, high-performance local search methods are oftemily practical tool for solv-
ing large and difficult real-world problems, which oftenahve thousands of variable with
large domains. This is especially true for decision prolsiemmere the main objective
is to find feasible solutions quickly and for optimisatioroplems where high-quality or
(near-)optimal solutions need to be obtained as efficieaglpossible.

Local search methods have been shown to be very successsolviimg many im-
portant classes of problems, including SAT, MAX-SAT, trding salesman and quadratic
assignment problems. Their effectiveness and efficiensyatso been demonstrated for
many real-world problems, including scheduling, vehidating and radio-frequency as-
signment tasks. In many of these applications, local sesgdrithms achieve comparable
or superior performance compared to all other methods.

Although efficient local search algorithms typically inporate problem-specific knowl-
edge (often in the form of the neighbourhood relation anduaten function), there are
general, high-level strategies that have been shown tofbetigk across a broad range of
combinatorial problems. Most of these general local sesimetegies involve randomisa-
tion to avoid search stagnation in or around local miniméaefdiven evaluation function
and are therefore captured in the general framework of 8&ith_ocal Search (SLS). SLS
methods such as randomised iterative improvement, talmarsaad dynamic local search
have provided the basis for some of the most prominent antdpeeforming algorithms
for CSP and SAT. Other methods, including simulated anngadivolutionary algorithms,
ant colony optimisation and iterated local search havelasn applied to these and many
other constraint programming problems, and were shown &ffbetive for solving certain
types of instances. These search strategies employ differechanisms for balancing the
exploration of the given search spackvérsificatior) against the efficient exploitation of
heuristic informationifitensification). Intensification and diversification mechanism often
interact in complex ways, and minor variations can haveifiggmt impact on the perfor-
mance of the resulting algorithms.

For this reason, in combination with the fact that theoedtiesults in this area are
difficult to obtain and typically very limited in their prdcal relevance, SLS algorithms
are mostly studied empirically, by means of computatiorpkeiments. (It may be noted
that a similar situation is encountered for most, if not ather high-performance CSP

4The same applies, of course, to any other constraint pragiagialgorithm that is evaluated empirically.
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algorithms.) In the case of SLS algorithms for CSP, many eoglistudies have been
focused on distributions of relatively unstructured, ramdbinary CSP instances. The
same holds for MAX-CSP, and the situations for prominentigdeases, such as SAT
and MAX-SAT, is similar. While such instances can be usefuldvaluating the efficacy

of search strategies, they lack the type of structure founthany real-world problems.

Consequently, there is an increasing emphasis on usirgjusted problem instances for the
empirical analysis of SLS algorithms for the CSP and relat@iblems. This endeavour,
as well as the comparability of empirical results betweenlists, is facilitated by public

collections of benchmark problems, such as CSPLIB [32] akilL1B [50].

Furthermore, while currently the design of new SLS algonghargely resembles a
craft in that it requires experience and intuition to a digant extent, there is substan-
tial interest in developing more principled approaches il facilitate the engineering
of high-performance SLS algorithms. In this context, asdeahempirical methods (see,
e.g, Chapter 4 of Hoos and Stiitzle [52]) in combination with frameworks that specifically
support the formulation and implementation of local sealgjorithms (see Section 8.7)
are likely to play a major role. Furthermore, our undersiagaf the factors causing the
relative hardness of certain problem instances for a gite® &gorithm is fairly limited.
The investigation of these factors, for example, by mearseafch space analysis, is an
active research area with many open problems.

Another attractive research direction is to develop SL®rtlgms that adapt their be-
haviour based on information collected during the searclegss or over runs on various
problem instances. Interesting work in this area includediss by Battiti and Tecchiolli
[4], Glover [35] and Minton [75], as well as Boyan and Mooré, [Ratterson and Kautz
[83], Hoos [45], Mills [74], Hutter et al. [53], Burke and Nal [11] and [59].

It may be noted that in many ways, the development and uradefistg of SLS algo-
rithms is significantly further advanced for SAT than for tpeneral CSP. (The situation
for MAX-SAT and MAX-CSP is analogous.) This is mostly caudsdthe fact that as a
conceptually simpler problem, SAT for CNF formulae bettarilitates the development,
analysis and efficient implementation of SLS algorithmssTaises the question to which
extent more efficient SLS algorithms for the general CSP @oltained by augmenting
suitably generalised high-performance SLS algorithm<S#F with specific methods for
handling certain types of complex constraints known froleotonstraint programming
approaches. Furthermore, it is likely that advanced SL$hous that have been demon-
strated to be very successful in solving other combindtpr@lems, such as iterated local
search, variable depth search or scatter search, mayatlcbnsiderable and largely un-
explored potential for solving constraint satisfaction aptimisation problems.

Overall, local search methods are among the most powerfiilvensatile tools for
solving constraint programming problems. They give risa tiroad range of interesting
research challenges, and continuing efforts to improvegimeethods and our understand-
ing of them will further enhance their usefulness in a breaadye of challenging real-world
applications.
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