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This article investigates a formation control problem of mobile robots. Two main issues of the formation control
problem are addressed; one is the implementation of distributed formation control and another is the analysis
of effect of network communication on the closed-loop systems. The distributed formation control is obtained
by modelling the formation control problem as a linear-quadratic Nash differential game through the use of
graph theory. The obtained distributed controller is a state feedback controller that requires both local state and
neighbour robot states. As the neighbour robot states are obtained via networks, the network performance
affects the control system. Network-induced delay is considered in this article. The stability analysis of the
proposed distributed formation controller under network-induced delay is given. A compensation scheme for
network-induced delay is proposed and analysed. Mobile robots with double integrator dynamics are used in the
formation control simulation. Simulation results are provided to justify the models and solutions.
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1. Introduction

Team formation is one of the salient features of
multiple mobile agent systems. It is inspired by
swarming behaviour of living beings, such as flocks
of birds, schools of fish, herds of wildbeast, and
colonies of bacteria. It is known that such
a cooperative biological behaviour has certain advan-
tages, including avoiding predators, increasing the
chance of finding food, saving energy (Weimerskirch,
Martin, Clerquin, Alexandre and Jiraskova 2001), etc.
Engineering applications of the team formation include
automated highway systems (Swaroop and Hedrick
1996; Pant, Seiler and Hedrick 2002), cooperative
robot reconnaissance (Balch and Arkin 1998), manip-
ulation operation (Tanner, Loizou and Kyriakopoulos
2003), formation flight control (Giulietti, Pollini and
Innocenti 2000; Raffard, Tomlin and Boyd 2004;
Stipanovic, Inalhan, Teo and Tomlin 2004), satellite
clustering (Mclnnes 1995), distributed sensor networks
(Ogren, Egerstedt and Hu 2002), etc.

Formation control has been studied in robotics
within different structures, such as behaviour-based
structure, leader—follower structure and virtual leader
structure. The formation control in the behaviour-
based structure is achieved by building up a group of
formation related behaviours (Balch and Arkin 1998).
It is suitable for uncertain environments, but lack
of a rigorous theoretic analysis. The leader—follower

structure is constructed by a string of chain where each
robot follows one or two robots (Desai, Ostrowski, and
Kumar 2001; Fierro, Das, Kumar and Ostrowski 2001;
Das et al. 2002). The chain structure leads to a poor
disturbance rejection property. The virtual leader
structure constitutes fictitious leaders that represent
the desired robot positions. Using receding horizon
approaches for the virtual leader structure has been
investigated, such as using contractive stability con-
straint in Camponogara, Jia, Krogh and Talukdar
(2002) and compatibility constraint in Dunbar and
Murray (2000).

Currently, formation control uses a common team
objective as a formation objective, i.e. all the individual
robot’s interests are added together to form an
identical team objective. However, individual robots
in a team may have different interests. Game theory is
an effective tool to model a team with different
interests. One of the main issues we want to address
in this article is the implementation of distributed
formation control. This can be implemented by using
different cost functions for different robots. As these
cost functions are only related to neighbour robots, not
the entire team, distributed formation control can be
obtained by analysing the differential game problem.

Formation control cost functions can be casted
as a linear-quadratic form by using graph theory.
The formation control problem is converted to the
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coupled (asymmetric) Riccati differential equation
problem. The open-loop information structure is
based on the assumption that the only information
robots have is their present states. It can be interpreted
as such the robots simultaneously determine their
strategies at the beginning of the game and use
this open-loop solution for the whole period of the
game (Abou-Kandil, Freiling, Ionescu and Jank 2003;
Engwerda 2005). The finite horizon open-loop Nash
equilibrium can be combined with a receding horizon
approach to produce a resultant receding horizon
Nash control.

In the distributed control, neighbour robots
exchange their information with each other via wireless
networks. The entire team is modelled as a networked
control system. It is well known that communication
networks can degrade control performance of net-
worked control systems due to the network-induced
delay, packet loss, etc (Nilsson 1998; Zhang, Brannicky
and Philips 2001). Currently, research of networked
control systems concentrates on systems with a single
controller where communication is necessary in the
feedback channel (between sensors and controller) and
forward channel (between controller and actuator)
(Walsh, Beldiman and Bushnell 2001; Zhang et al.
2001; Park, Kim, Kim and Kwon 2002; Nesic and
Teel 2004; Liu, Xia, Chen, Rees and Hu 2007).
The problems raised by networked control systems
include network-induced delay, packet loss and
multiple packet transmission (Zhang et al. 2001).
The network-induced delay can be constant or
random. For the delay less than one sample period,
the stability analysis was provided in Nilsson (1998)
and Walsh et al. (2001). The notion of maximum
allowable transfer interval (MATI) was introduced
in Walsh et al. (2001), to represent the maximum
separation interval between successive sensor data for
a stabilising system. The compensation for delay less
than one sample period was discussed in Zhang et al.
(2001), based on a linear estimator. The extension of
MATI from linear systems to non-linear systems
with disturbance was given in Nesic and Teel (2004)
by using input—output stability properties. For linear
systems, the compensation for constant and random
delay longer than one sample period was investigated
in Liu et al. (2007).

In this article, we will concentrate on the network
delay problem. As robots only transmit state informa-
tion between neighbours, we assume only one packet
for each state transmission. This can avoid the problem
caused by multiple packet transmission, assuming the
delay in the forward and feedback channels is
negligible as robots directly connect to sensors and
actuators without using networks and the interfaces
are very fast comparing with the sample period.

The network-induced delay only occurs between
communication of neighbouring robots. Obtaining
a constant network delay is one of the major objectives
in networked systems. In Roedig, Barroso and Sreenan
(20006), a so-called f~MAC protocol was designed in
order to have a deterministic behaviour for network-
based systems. In this article, constant network-
induced delay will be investigated, which may be
longer than one sample period. A compensation
scheme for the delay is proposed for the distributed
formation control.

In the following, the formation control problem is
stated in Section 2. We will address two important
issues in the formation control problem in the
following two sections. One is the implementation of
distributed control in Section 3 and another is the
analysis of network-induced delay and compensation
in Section 4. The simulation results are provided in
Section 5. Finally, conclusions and future work are
given in Section 6.

2. Formation control

2.1. Robot model

A team has m robots, each of which is described by its
dynamics. For robot i with n-dimensional coordinates
¢'eR", the state and control vectors are z/=
[(¢)".(¢)" 1" €Zand u €U (i=1,...,m). The robot
dynamics is:

2= azl + bul, (1

o o=l
a= , b= .
0 0 I

The matrix I, is the identity matrix of dimension n.

By concatenating the states of all m robots in
a team into a vector z=[(z")7,..., (=" e R*"™, the
team dynamics is:

where

m
Zo=Az+ ) Buj=Az+Bu, (>0 (2
i=1
where A=1I,,®a, B'=[0,....1,...,0"®b, and
B=[B', B>, ..., B"]. The operator ® is the Kronecker
product.

Let 2" =[(¢")7",(¢"")"]" be the desired state
vector for robot i. The desired team state vector is
then represented by z'=[(z'")7,..., (""" e R*".
The desired state z*" should also have the same
dynamics with the robot dynamics (1):

2 = az) + b’ (3)
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And the concatenating state equation is:

m

Iy = Az} +ZB’ >0, 4)

2.2. Formation model

A graph can be used to represent the formation control
interconnection between robots. A vertex of the graph
corresponds to a robot and the edges of the graph
capture the dependence of the interconnections.
Formally, a directed graph G=(V, £) consists of a set
of vertices V={v',...,V"}, indexed by the robots
in a team, and a set of edges £={(V,V)eVxV},
containing ordered pairs of distinct vertices. Assuming
that the graph has no loops, i.e. (+,v)e& implies
vV'#V. A graph is connected if for any vertices
(v',V) €V, there exists a path of edges in £ from V' to
V. An edge-weighted graph is a graph in which each
edge is assigned a weight. The edge (v, /) is associated
with weight 7> 0.

The incidence matrix D of a directed graph G is the
{0, £1}-matrix with rows and columns indexed by
vertices of V and edges of &, respectively, such that the
uv-th entry of D is equal to 1 if the vertex u is the head
of the edge v, —1 if the vertex u is the tail of the edge v
and 0 otherwise. If graph G has m vertices and |&|
edges, then incidence matrix D of the graph G has order
m x |€| (Godsil and Royle 2001).

The cohesion and separation of formation control
are defined by the desired distance vector dj; = 2 —
between two nelghbours v and v/. The formatlon error
vector is defined as z' —7 - dj; for edge (', ). Let
D =D ® Ipy,. From the definition of the incidence
matrix, we know the whole team formation error can
be expressed in a matrix form:

3 W 2yl = (2~ 2 DWDT(z - )
(i.e€

”Z -z ”DWDT’ (5)

where W= W® I, and W= diag[e”] is a diagonal
weight matrix with dimension |£]. We use ||z — z ”DWDT
for (z—z)TDWDT(z — z). Following Godsil and
Royle (2001), we define the Laplacian of a graph G
as L=DW D", For a directed graph G, the Laplacian
is independent of the choice of graph orientation.
The Laplacian L is symmetric and positive semi-
definite. We have:

A

L= DAI/AVDAT = (D ® 1(2)1))(W® 1(211))(D ® I(Zn))T
=L ® lpy. (6)

L is also symmetric and positive semi-definite.
The team formation error is rewritten as follows:

I | — _ 2
Sl = —dill = ||z = 2|13 ™

(i,))e€

2.3. Formation control cost function

The finite horizon cost function of the formation
control for robot 7 can be expressed as follows:

T
() = gh(zr) + / Ci e up)dr,
grler) = ) ol — 2 — i, (®)
(i.))e€

Cizeu) = Y p|zh 2]

(i.pe

— d|I” + 11 (D)

where T is the finite time horizon, and ,u” >0, R">0,
(i=1,...,m) are the weight parameters. The cost
function (8) can be transformed into a standard
linear-quadratic form:

gr(zr) = llzr = 27l . o
Clzettr) = |z — Z2lIy + Itk

where K = L’ = DW,.DT, W’T =Wy ®lan, Wi=

dlag[ [I] Ql = DW’DT W WI®I(2,,) and W'=

diag[u”]. Ky and Q' are symmetric and positive semi-

definite.

To track a specific trajectory z*, the leader robot /
should track z*". Thus, the cost function of the leader
robot should include a linear-quadratic standard
tracking term:

/ 2 / L2 12
grer) = llor = 23 + 12 = 213 = llzr — 4%,
! 12 / Lry2 12
Ch(zete) = llze = 2403 + 124 = 2712+
2 /2
= llze = L0 + Nl I (10)

where kL = diagle/], ¢'=diaglu], K%=K} +
diagl0,...,k},...,0], and Q'=Q,+diagl0,...,q,

.,0]. K% and 0’ are also symmetric and positive
semi-definite. The leader robot can use K% =0 and
Q'=0, which means the leader robot only tracks the
desired trajectory without taking the formation error
into account. In such a situation, it is the follower
robots who keep the formation by following the leader
with a fixed distance.

In the following, the weight matrices in the cost
functions are denoted as K% and Q' for both leader
robots or follower robots. From the state Equations (2)
and (4) and the cost functions (9) and (10), it can be
seen that the formation control is a linear-quadratic
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tracking problem. By using error state and control
vectors, the formation control is viewed as a linear-
quadratic regulating problem with z, as the state
vector and u, as the control vector in the following
presentation.

2.4. Formation control problem

Each robot in a team can be viewed as a player or
decision maker of a differential game. The robot
dynamic Equation (2) is the state equation of the
differential game with the given initial state z, and
rewritten as:

2 = Az, + Bu,, t>0. (11)

The cost function J' defined in (8) is known to each
player. The players in the game need to minimise their
cost functions in order to find their strategies. Using
different cost functions, individual robots can select
neighbours and implement distributed controllers.
A collection of strategies #/(1 > 0,i = 1,...,m) consti-
tutes a Nash equilibrium if and only if the following
inequalities are satisfied for all ui(r > 0,i=1,...,m):

Ji@, . ad adtt i)
<Ji@', ... a " dadtt i),
(i=1,...,m).

In the open-loop information structure, all players
make their decisions based on the initial state z,.
Each player computes its equilibrium strategy at the
beginning of the game and no state feedback is
available during the whole control period.

To optimise control performance, it is necessary
that U is a compact and convex subset of R” containing
the origin in its interior, and Z is a convex, connected
subset belonging to R*" containing z* in its interior,
for every i. To control a team to keep a formation, it is
necessary that graph G is connected.

3. Distributed formation controller

3.1. Linear-quadratic open-loop Nash equilibria

Under the open-loop information structure of a Nash
game, the derivation of open-loop Nash equilibria is
closely related to the problem of jointly solving m
optimal control problem (Basar and Olsder 1995).
According to the minimum principle, the conditions
for an open-loop Nash equilibrium for two player
games are given in Theorem 7.2 in Engwerda (2005).
This result is generalised straightforwardly to m player
games in Engwerda (2005). We quote this result here
for our formation control problem.

Theorem 1:  For a m-robot formation control defined as
a finite horizon open-loop Nash differential game by (11)
and (12), let there exist a solution set (Ki,i=1,...,m)
to the coupled Riccati differential equations

m
Ki=-A"K|—Kid— Q'+ K'Y S/K}, (12)
=T
where S'= B'R™'B" and K'. is the terminal condition.
Then the formation control has a unique open-loop Nash
equilibrium solution for every initial state as follows:

il = —RT'BTKi®,z, (13)

t

m
P, = <A - ZS"K§> D, = AlD, Do=1 (14
i=1

where A= A4 =", S'K! is the closed-loop system
matrix. It is easily verified that z,= ®,zy. The closed-
loop system is:

s=A%; >0, (15)

Based on Theorem 1, the solvability of the coupled
Riccati differential equations (12) is vital to the finite
horizon Nash equilibrium solution. In the following,
a necessary and sufficient condition is established for
the solvability of the coupled Riccati differential
equations.

Define
A _Sl N
— —AT 0 0
m=| "¢
—0" 0 0 —AT
and
1(211m)
K
HT:[I(2nm) 0 O]E_MT

Ky

It follows from Theorem 7.1 in Engwerda (2005) that
the analytic solution of the closed-loop system is

I(2nm)
Ky

212[1(2;1m) o --- 0]€7M[ ) H}IZ(). (16)
K7

Theorem 7.1 in Engwerda (2005) provides an

approach to judge if the solution exists for two-player
games. This result can be generalised straightforwardly
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to m player games. Based on this theorem with m
players, the formation control problem has the follow-
ing result.

For a m-robot finite horizon formation control
defined as a finite horizon open-loop Nash differential
game by (11) and (12), the coupled Riccati differential
equations (12) has a solution for every initial state z,
on [0, T'] if and only if matrix H7 is invertible.

3.2. Receding horizon Nash control

To derive a state-feedback controller for practical uses
in formation control, the open-loop Nash equilibrium
solution can be combined with a receding horizon
approach to synthesise a state-feedback controller:
receding horizon Nash control. In this receding
horizon Nash control, each robot computes its open-
loop Nash equilibrium at each time instant, but is not
committed to follow that equilibrium during the whole
period. It only uses it to control one step. In the next
step, this procedure repeats again.

Assuming the current time instant is ¢ and the
current state vector is z,. At each time instant, the
receding horizon control uses z, as the initial state
vector to find the finite horizon open-loop Nash
equilibrium iy based on the following cost function:

. 4 T
Jo=g,r+ / C'(zr, ur)dr. (17)
t
The receding horizon control signal is defined as:
Lll, = ﬁé = —Ri_lBiT 62,. (18)

As the control signal ! depends on the current state
z,, the receding horizon Nash control is a state-
feedback control. The existence conditions of the
receding horizon Nash control is the same as those of
the finite horizon open-loop Nash control, i.e. the
receding horizon Nash control exists for every initial
state zq if and only if matrix H is invertible.

The receding horizon Nash control needs to check
whether or not the closed-loop system is stable.
The closed-loop system with the receding horizon
Nash control u/ (18) is

Z = (A -y S’Kg)z, = Az, (19)
i=1

where the closed-loop system matrix A(C)' =A—
>, S'K{. The following result can be made about
the receding horizon Nash control.

The formation control defined as a finite horizon
Nash differential game (11) and (17) has a receding
horizon Nash control for every initial state zq if and
only if matrix Hy is invertible. As long as all the

cigenvalues of 4§ have negative real parts, the receding
horizon Nash control is asymptotic stable.

3.3. Distributed control

The receding horizon Nash control signal (18) needs
the state vector z,, which includes all states from the
formation team. However, the weight parameters ”
and 7 in the Nash game can be selected as 0 for robot
i if robot j is not its neighbour. This selection will lead
to the following matrix form of Q' and K.

- i i i i
G 0 Gy 0 di o diy
i i i i
Qg G 0 G o G
0 = 0 .- 0 0 0 0
i i i i
Gt Dot O Dm0
i i i i
L D1 e qm,jfl 0 qm,jJrl Dy
- 0T iT iT iT
kl,l kl,j—l 0 kl,j+l kl,m
i i iT LT
k.l'—lal o ki—la.f—l 0 k./—l,.l'+1 o k./—h'"
Kh=| 0 0 0 0 0
0T 0T iT 0T
K Kigiior 00 ki i K 1m
iT iT iT T
L km,l km,j—l 0 km,j—H km,m .
where ¢, or ki:T'is a block with size (2n) x (2n). Q' and

K. has m x m blocks. The j-th block row or column
consists of m zero blocks. It should be noted that
matrix A has a block diagonal structure. Based on
these matrix structures, it can be found that the j-th
block row of solution K'! consists of m zero blocks
from the coupled Riccati differential equations (12):

— it it it it it
kl.l kl,j—l kl,j kl,_/+l kl.m
it it it it it

RS K K K K
Ki=| 0 - 0 0 0 - 0
it it it it it
kj+1,1 ijrl,j—l kj+1,j kj+1,j+1 kj+1,m
it it it it it
L km,l km,jfl km,j km,j+1 T km,m .

Therefore, the receding horizon Nash control u
(18) does not need the state z, from non-neighbour
robot j. If there are more than one robots in the team,
which are not the neighbours of robot i, the same
conclusion can be made. Thus, ) is a distributed

control law.
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4. Formation control with network-induced delay
4.1. Network-induced delay

Most wireless networks can cause a random delay due
to their narrow bandwidth. The stochastic behaviour is
not desirable in robotic systems. Some effects are being
made to obtain a deterministic communication beha-
viour in the networked embedded systems. Obtaining
a constant network-induced delay when designing
a network protocol is one way to obtain the
deterministic communication behaviour (Roedig et al.
20006). In this article, we consider the communication
network that has a constant delay for all robots.

Denote k as the sample step at time ¢ and ¢ =kd
(k=0,1,2,...), where § is the sample period. For the
delay t=8§—A which is less than or equal to one
sample period (0 <X < §), the system equations of
robot i for the period te[k§+rt,(k+1)8+71) are
expressed as:

i

i =az,+bu

-7
o ii iJ
=az, + b(u,_t + E u,_T> , (20)
(i.)e€
i piii L pij)
u[,l— — . thﬂp Ui = _f Zi—t-

where [f#, £, fm = RTBTKL (see  (18)).
Collectively, we have

Z; = Az, + Bu;_,

21
U7 = _th—rs ( )
where
fl,l f1,2 o fl,m
f2,] f2,2 o f2,m

F=

fm, 1 fm,Z fm,m

By sampling the system (21) with period 8, we have
(Franklin, Powell, and Workman 1997):

Zkr1 = Dz + Thug—y + Touy, (22)

where

1 &
® = 1 — I ® [ (n) (n) :|’

0 I(”)

1

5 oo 4o

FIZ/ By = Lo | 2 )0 |
A

(6 — M
1
A 2
Ay
= f eA”Bdn = I(m) R 2 @
0 L )»I(n)

By defining x; = [z}, u] 1" as the augmented state
vector, the augmented closed-loop system is

Xi4+1 = &)X/(, (23)
where
- b —-IHF T
b= [ S ]
—-F 0

The closed-loop system is stable if and only if all
eigenvalues of the matrix ® are within the unit circle.

If the delay is longer than one sampling period §,
the delay can be denoted as t=h8 — A, where 0 <A < §
and & > 1. The system state equation is

o i
Z, = az, + bu,

I ii i
=az, + b(u;' + E UiZe), (24)
(i,))e€
L W = —fi’-’z/
r o t—t — -1

Collectively, we have

zy=Az,+ B} +u,_,),

-1
(25)
u;/ = _Flzla 1’471— = _FZZI—‘L"
where
_ L
[y D1 pee e
22 2.j
, uy ;o Z(z,j)ee Ut
U = . » U = ’
m,m i
LUy | D ee Uy
- 1 . 1 1
fi 0 ... 0 0 f .. fu
0 /3 ... 0 N U 4
F = ) , Fr=
L0 0 ... /7] S0
The discrete system state equation is:
Zipt = Pz + Ty + Tl + Tou
=(® —TF)zc + Ty, + Doty
=®z;r + Flu;(_h + qu;(»_h.F]a (26)
where &, =® —I'F| and
1
s 1o
r :/ By = Iy ® 58I
By defining x; =[z], 0/} ,.....u} 1" as the

augmented state vector, the augmented closed-loop
system is

Xps1 = D, (27)
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where
F® It Iy 0 7
0 0 Zwm --- O
0 0 N ()
| —F 0 o - 0 |

The closed-loop system is stable if and only if all
eigenvalues of the matrix @ are within the unit circle.

4.2. Compensation for network-induced delay

The compensation for the delay will improve the
control performance. We begin with the collective
formation system to make the compensation based on
state prediction and go down to the individual robot to
check if the distributed feature is still maintained under
the compensation.

Assume the delay is integer number of the sample
periods, 18 (h=1,2,...). At step k, the system obtains
a delayed state z;_,. To compensate for the delay /4, the
system needs to estimate its current state based on the
delayed state z,_,. The discrete state equation is

Zkg1 = Pz + Ty (28)

The estimated current state at k is denoted as Zy—_.
The controller with the delay compensation is
defined as

up = —Fizk — FaZpje—p. (29)

To estimate Zy,—_; starting from step k — h, a simple
estimator can be used

Zkenifk—n = PZk_pk—n—1 + Ctig—p + G(Zk—n — Zk—nk—n—1)
= Gzj—p + (P — G)Zi—p—n—1 + Dy (30)

For the steps from k—/+1 up to k, the estimated
state Zx_j11—, in (30) can be used as the initial state.
But the individual robot does not know the neigh-
bour’s control signals from k — 4+ 1 up to k due to the
delay. Therefore, the approximation has to be made to
the estimation. In the following approximated estima-
tion, the control signal u;_,, at step k—/h is used for all
steps from k—h+1 up to k.

Zk—h+2lk—h = PZk—p1k—n + Ttge—p

Zipk—h = PZp_1jk—n + Tug—y.

Finally, the estimated current state is:

Sk = "' Gzp_p + "D — GV
A
+Y "y,
=

= O1zk—p + O2Zk_p—i—1 + Ostt_p, (€29)

where ©,=d"7'G, ©,= CDh_l(CD —G) and O;
P Ll
From (29), the control signal is obtained as

ur = —Fizi — Fo 2
= —Fizk — F2(O12k—j + O2Zk_pie—n—1 + Ozut_y).
(32)
From the system state Equation (28), the next state is
obtained as:
Zip1 = Pzi + Ty
= &1z — TF(O12k—p + O2Zj_pp—n—1 + Oztty_p).
(33)
By defining an augmented state vector Xj =
[ T

T T 2T 1T /T T
Zie> s Zi b 1 Ze—i> Zk—ik—h—1> W15 - - Sy, ]t,  the
augmented state equation is written as:

Xiy1 = A Xy, (34)
where
fd, ... 0 -I'Fhbe, -TFHO, 0 ... 0 e YIO
I ... 0 0 0 0 ... 0 0
0 1 0 0 0 0 0
A=1| 0 0 G -G 0 0 r
0 0 —-Fe —F0, 0 0 —F0Os
0 0 0 0 I 0 0
Lo ... 0 0 0 0 ... I 0 |

So we can say that the closed-loop system is stable
if and only if all eigenvalues of the matrix A are within
the unit circle.

Now, we need to check if the controller (32) is
a distributed one as in the case without delay. As ®, G
and I' are block diagonal matrices and each block is
related to one robot, ®;, ®, and O3 defined in (31) also
have such property. So we can see from (29) that the
controller (32) is still a distributed controller. However,
it needs more information from its neighbours,
including z,_,,u,_, and 227,”,(7,171. As all information
from a neighbour ;j can be integrated ZA;qkfh by using
(31), robot j only needs to send out its own estimated
current state zAfdk_h. Actually robot ;j sends out its
estimated current state Z), e at step k. After delay,
robot i receives the delayed state Eédkfh' To estimate
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Figure 1. Distributed controller.

Zkn for each robot, Equation (31) can be used at step
k in the following form:

2k+h|k = ®1Zk + @22](\1(_1 + ®3uk. (35)

Each robot sends 2, to its neighbours. And it
also receives the delayed state 221 «_p from neighbour j.
Inside each robot, the controller has several necessary
components and is shown in Figure 1 where only one
neighbour robot j is considered. In the diagram, robot
i obtains its own state zi through its own sensors and
the delayed state Z;, , through communication. They
are the inputs of the control algorithm. Robot i
generates the control signal u{ as the output of the
controller and sends estimated state z} i to neigh-
bours. The buffer is used to keep its current state and
control signal for 1 —1 steps. The estimator uses the
parameters G, ® and I, buffered states and control
signals, and  Equation (30) to  estimate
e hitfe—ts - -+ Zkjeor- It also generates the estimated
current state Z; ,,,. The compensator uses the para-
meters ®;, ©,, ®; and (31) to obtain the estimate
current state 2};“(7,1. The controller uses the contrql
gains (F, F») and (32) to generate the control signal u .

The computational complexity depends on the
number of neighbours. Let N’ denote the number of
neighbours of robot i. The computational complexity
of the controller is about (2n42n)N'=4nN'.
The computational complexity of the estimator is
about (2n+2n+n)h=>5nh. The computational com-
plexity of the compensator is about 2n+2n+n=>5n.
In total, the computational complexity is about
4nN'+ Sn(h+1).

—_———————

R,

Figure 2. Triangle formation shapes.

5. Simulations

The dimension of the coordinate vectors for all robots
is n=2. Simulation tests a triangle formation shape
with four robots (m=4) and with six robots (m=06)
(Figure 2). The vertex nodes 1, 2, 3, 4, 5 and 6 are
represented by circle, cross, square, star, triangle and
pentagram in the figure. The tracking trajectories are
assumed to be a circle and a sinusoid. The circle is
defined ¢, = [cos(?),sin(?)]”; > 0. The sinusoid is
defined as ¢} = [t, sin()]”; 1 > 0.

5.1. Distributed control

The distributed control is validated via testing the
triangle formation. The following two tasks are
simulated. The difference between two tasks is whether
or not the leader robot 1 uses the formation cost.

e TI1: The leader robot 1 uses the cost function
(10), which includes a formation cost repre-
sented by K} and Q!, and a tracking cost
represented by k1. and ¢'. The follower robots
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Figure 3. Triangle formation tracking a circle in T1.

use the cost function (9), which only includes
a formation cost represented by K’ and Q'
i=2,3, 4.

e T2: The leader robot 1 only uses the tracking
cost function represented by k) and ¢!
(without the formation cost, K} =0

and Q' = 0 in (10)). The follower robots use
the same cost function (9).

The leader robot’s tracking weight matrix is
selected as k) = ¢' = 5I5,. In the triangle formation,
the neighbours of the leader robot 1 are robot 2 and 4,
the neighbours of robot 2 are robot 1 and 3, the
neighbour of robot 3 is robot 2 and the neighbour
of robot 4 is robot 1. So, their formation cost weight
matrixes are selected as:

1 1
W =K =

3 3
WP =Wy =

S wnm o S o O

O O o O O Wwm
O O o O O W
S O o © wm O

The cost weight matrix for control signal is selected
to be R'=[; Y] for i=1, 2, 3, 4. Solutions to the

coupled Riccati differential equations of the finite
horizon open-loop Nash differential games can be
found by using terminal values and the backward
iteration. The finite horizon length 7= 10's and sample
time is §=0.1s. Through calculation, it can be seen
that H(10) is invertible and all eigenvalues of A(0)
have negative real parts. Therefore, the receding
horizon Nash control is asymptotic stable.

The trajectories of the four robots in T1 are shown
in Figure 3. The leader robot | uses both tracking cost
function and formation cost function. The results show
that all four trajectories converge to a triangle shape
during the circle tracking. All control error signals
converge to zero, i.e. the robot control signals converge
to the tracking control signals. x and y position errors
between robots and their tracking trajectories are
shown in Figure 4. It can be seen that the position
errors converge to zero, i.e. all robots finally move in
the circle trajectories.

In T2, the leader robot 1 only uses the tracking
cost function. Again all robots can track the circle
after the initial transient process. The position errors
are shown in Figure 5. All these errors have the
convergent property. Due to the only use of the
tracking cost function, the leader robot just tracks
the circle trajectory without considering the formation
error. It can be seen that its y position errors
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Figure 5. x (left) and y (right) position errors in triangle formation in T2.

(solid line) are kept as zero. This is due to the initial y
position being the same as the tracking trajectory.
The leader robot only adjusts its x position error
to catch up with the circle. The use of the leader
without a cost on the formation can make the
formation control work in a leader—follower structure.
The leader robot 1 does not need state information
from the followers and it can track the desired
trajectory better.

5.2. Distributed control with network-induced delay

To justify the proposed distributed formation control
with compensation for delay, three simulations are
made for both formation patterns. The first one is

the simulation without delay. The second one is
the simulation with delay and the third one is the
simulation with compensation. All parameters are the
same in three simulations. The finite horizon length is
T=30s and it can guarantee the distributed control
without delay is stable by checking that H(T) is
invertible and the eigenvalues of 4.(0) have negative
real parts. The number of delay step is h=>5.
The estimator gain is G=15,,. The cost weight
parameters are R'=501, and W' = Wi. = I,,. For the
formation with six robots, the formation graph has six
nodes and nine edges. Based on all above values, it can
be checked by using MATLAB that the eigenvalues
of @ and A are within the unit circle, so the distributed
formation control systems with delay and compensa-
tion are stable.
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Figure 8. Six robots track a sinusoid without delay.

Figure 9. Six robots track a sinusoid with delay.

The main simulation results are shown in Figure 6
where four robots track a circle and Figure 7 where six
robots track a sinusoid. The figures show the sum of all
distance errors between neighbour robots. It can be

10 15 20 25

seen from both figures that the sum of distance errors
in all the three simulations are convergent. With
a closer look, it is found that at the beginning of the
tracking, the simulation result with delay is very close
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Figure 10. Six robots track a sinusoid with compensation.

to that with compensation. This just lasts for a very
short period. After this initial period, the simulation
result with compensation quickly moves away from the
result with delay and moves towards the result without
delay. At the end, the simulation result with compen-
sation is very close to that without delay, while the
result with delay is far away from them. It demon-
strates that although the system without delay is stable,
the formation error tends to fluctuate more than the
system without delay. This is due to the fact that the
induced delay leads to the result that the formation
controller cannot obtain the current state information,
it uses old state information to control the robots,
eventually it generates large formation error. However,
the compensation made for the delay can predict the
current state information based on the delayed system
model and therefore the compensated formation
controller generates better results than that without
compensation.

The tracking trajectories of the simulations for
without delay, with delay and with compensation are
shown in Figures 8, 9, and 10. The trajectory of the
simulation without delay has a similar behaviour as
that with compensation, especially at the beginning
(between 0 to 5m in x-axis), while the trajectory of
the simulation with delay experiences longer time to
converge to the sinusoid. At the end of tracking,
the simulations without delay and with compensation
end up with a proper triangle shape. By looking
carefully at the position of the robot marked with

10 15 20 25
X (m)

‘star’, it can be seen that the triangle shape at the end
of tracking is not properly formed in Figure 10. Long
tracking time is required for the simulation with delay
to establish a required triangle.

6. Conclusions

This article investigates two issues in the formation
control problem. One is the implementation of
distributed control and another is the stability analysis
of formation control systems with network-induced
delay. For the first problem, we use non-cooperative
differential games to establish the distributed forma-
tion control. By building the Nash equilibria, all team
members can find a self-enforcing controller. The
state-feedback control can be synthesised through the
receding horizon Nash control.

For the second problem, the effect of network-
induced constant delay on the distributed formation
control is analysed and the compensation for the delay
is made. An augmented linear closed-loop system is
built to establish the stability condition.

In the next step, we will consider the application
of proposed distributed control to real robots.
The first step is to build up a wireless ad hoc network
for communication. The protocol for constant delay
will be designed. Alternatively, the analysis for net-
work-induced random delay and packet dropouts
can be made.
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