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a b s t r a c t

This paper presents a grey–fuzzy predictive controller that is based on fuzzy theory, grey prediction and

on-line switching algorithms. The grey predictor is applied to extract key information and reduce the

randomness of the measured non-stationary time-series signals from sensors, and send the prediction

information to the fuzzy controller. The complete mathematical model is derived and the sufficient

condition for convergence is given. To achieve better transient performance and steady-state responses,

an on-line switching mechanism is adopted to regulate appropriately the forecasting step size of the

grey predictor, according to the error feedback from different periods of the system response.

Experimental results obtained from a plant show that the control accuracy and robustness are much

improved when the proposed new method is applied.

& 2008 Elsevier B.V. All rights reserved.
1. Introduction

Traditional fuzzy control (TFC) theory and methods have been
widely used in industry, and the analysis of control rules
and membership function parameters has been investigated
extensively [14,15]. In general, the TFC strategy adopts the
previously measured information, and the control signal is a
function of the previous system error and its deviation, namely
‘‘delayed control’’. In many circumstances, it is feasible and
practicable [3,13–16], and guarantees the basic requirements of
global stability and acceptable performance [15]. However, due to
the system and sensor noise and the limitation of our cognitive
abilities, the information and control rules we obtained are
usually uncertain and limited in scope. This could affect the real-
time performance and adaptability of fuzzy control systems,
especially for networked control systems (NCSs) that contain
inherent uncertainties such as package loss and time delay.

Since the birth of grey theory in 1982 [4,5], grey prediction has
been applied to fuzzy control applications [2,12,20]. Cheng
proposed a grey prediction controller to control an industrial
process without the system model in 1986 [2]. Luo developed
grey–fuzzy control algorithms for an autonomous mobile system,
which can deal with the uncertain environmental conditions to
ensure the tracking performance [12]. Yu designed a grey–fuzzy
ll rights reserved.
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controller in which a grey predictor is used to improve the speed
response of a brushless DC motor [20].

The reason for using grey prediction in a fuzzy control system
is that the grey predicted output from an unknown plant could
always provide us some useful information for better control of
the system before the system behavior runs into bad situations.
However, this traditional grey predictive controller structure uses
a fixed forecasting step size, and the grey predictor is always
manipulated in the overall control process. The short-term
oscillation occurs before the system response changing into
steady states. When the response has not yet reached the set
point, the output has begun to reduce and go down, which is not
the desired performance.

Recently, many researchers focus on how to select a proper and
dynamic forecasting step to control a system [1,6,9,18]. Different
techniques have been adopted to regulate the grey forecasting
step size, including fuzzy logic, neural networks, genetic algo-
rithms, etc. From the experiments, we know that a grey predictor
with a negative and fixed forecasting step size always has a small
settling time and a large overshoot. On the other hand, a grey
predictor with a large positive and fixed forecasting step size has a
small overshoot and a large settling time.

To improve the fuzzy system’s performance, we propose a
novel grey–fuzzy predictive control (GFPC) strategy using an on-
line dynamic switching mechanism. It finds a suitable forecasting
step size for each control action of three modes, namely a big
positive-step forecasting mode, a small positive-step forecasting
mode and a negative-step forecasting mode. When the system
error is large, the negative-step forecasting mode is used to
increase the upward momentum of the output curve. This is to
speed-up the system response for shortening the settling time.
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When the system error is small, the big positive-step forecasting
mode is used to prevent the overshoot. The last condition is used
when the middle error occurs.

For convenience, the fuzzy controller in this paper adopts
traditional two-input and one-output structure which behaves
approximately like a PD controller with variable parameters
[14,19]. The entire input signal is obtained from the grey predictor
according to the complementary behavior of the distinct modes.
Then the sufficient condition for convergence is derived. From
experimental results, we find this design not only can drastically
reduce the system overshoot, but also can maintain the char-
acteristic of the shorter settling time of the system compared
to TFC.

The rest of this paper is organized as follows. In Section 2,
the structure and the mathematical model of the GFPC is
presented. The sufficient condition for convergence of the
proposed control algorithm is derived. In Section 3, simulation
results with the proposed control scheme are obtained. Finally,
conclusion remarks and future work are presented in Section 4.
2. Design of grey–fuzzy predictive control

2.1. Traditional grey prediction model

The grey predictive method has been successfully used to
model the dynamic systems in different fields such as agriculture,
ecology, economy, statistics, meteorology, industry, environment,
and so on [1,2,4–6,9,12,18,20]. It can predict poor, incomplete or
uncertain messages in a system without the need of a long-term
historical data. It reveals underlying regular conditions within a
random time sequence via a special data processing.

Different from the existing statistic methods for prediction,
grey predictive method uses data generation method, such as
ratio checking (RC) and accumulated generating operation (AGO)
to reduce the stochastic of raw datum and obtain more regular
sequence from the existing information. The general form of a
grey differential model is GM(i,j), where i is the order of the
ordinary differential equation and j the number of grey variables.
In general, the computing time of the grey predictive model
increases exponentially as i and j increase. But prediction accuracy
may not improve with large i or j values. Therefore, the traditional
grey prediction model GM(1,1) is used in this paper, which can be
derived by the following basic steps [2,4,5,12,20]:

Step 1—RC and AGO
By checking the plant output sequences ratio Y(0)

¼ (y(0)(1),
y(0)(2),y,y(0)(n)) and transforming the original sequences into
new sequences with AGO, we have

RC : sð0ÞðkÞ ¼ yð0Þðk� 1Þ

yð0ÞðkÞ
(1)

AGO : yð1ÞðkÞ ¼
Xk

m¼1

yð0ÞðmÞ (2)

where k ¼ 2,y,n is the sequences number.
The overlay area of new ratio sequences is defined as (e�2/(n+1),

e2/(n+1)). When the ratio sequences s(0)(k) are in overlay area, we
can transform the original sequences into new smooth sequences
Y(1)
¼ (y(1)(1),y(1)(2),y,y(1)(n)) with Eq. (2). Otherwise, some pre-

treatment is required, including logarithmic transformation, root-
squaring transformation, or translational method:

Step 2—Build grey model GM(1,1)
The GM(1,1) model can be constructed by establishing a first-

order differential equation as follows:

yð0ÞðkÞ þ azð1ÞðkÞ ¼ b (3)
where a and b are estimation parameters. Z(1) is affected
by Y(1), i.e.

zð1ÞðkÞ ¼ 0:5yð1ÞðkÞ þ 0:5yð1Þðk� 1Þ (4)

Here, we set

YN ¼ yð0Þð2Þ yð0Þð3Þ yð0ÞðnÞ
h iT

B ¼
�zð1Þð2Þ �zð1Þð3Þ . . . �zð1ÞðnÞ

1 1 . . . 1

" #T

; M ¼
a

b

" #
(5)

So, Eq. (3) can be substituted as

YN ¼ BM (6)

Then the optimal parameter M can be obtained by using the
minimum least-square estimation algorithm

M ¼ ðBTBÞ�1BTYN (7)

According to the first-order differential equation, the grey
model GM(1,1) becomes

yð0ÞðkÞ þ 0:5a½yð1ÞðkÞ þ yð1Þðk� 1Þ� ¼ b (8)

That is,

ð1þ 0:5aÞyð0ÞðkÞ þ ayð1Þðk� 1Þ ¼ b (9)

When k42, we have

yð0ÞðkÞ ¼
b� ayð1Þðk� 1Þ

1þ 0:5a
¼

1� 0:5a

1þ 0:5a

� �
yð0Þðk� 1Þ (10)

yð0ÞðkÞ ¼
1� 0:5a

1þ 0:5a

� �m

yð0Þðk�mÞ (11)

When k ¼ 2, we have

yð0Þð2Þ ¼
b� ayð0Þð1Þ

1þ 0:5a
(12)

Based on the above derivation, we obtain the grey prediction
model as follows:

y�p ¼
1� 0:5a

1þ 0:5a

� �ðnþp�2Þ b� ayð0Þð1Þ

1þ 0:5a
(13)

where p is the prediction step; y*p is the prediction value sent to
the fuzzy controller. In this paper, the sequence number is set
n ¼ 4. Then the grey prediction model can be described as follows:

y�p ¼
1� 0:5a

1þ 0:5a

� �ð2þpÞ b� ayð0Þð1Þ

1þ 0:5a
(14)

2.2. Modeling of grey–fuzzy predictive control

The configuration of the proposed GFPC with an on-line
dynamic switching mechanism is shown in Fig. 1 in which r(t) is
the reference value, y(t) is the sensor output value, y*(t) ¼ y*p is
the grey prediction value, u(t) is the output of the fuzzy controller,
and e*(t) is the deviation: e*(t) ¼ r(t)�y*(t). The whole control
strategy is based on the prediction value y*(t) of the system
output y(t), y*(t) and r(t) are transmitted to the fuzzy controller
and a control signal u(t) is generated to control the plant.

Since the forecasting step size decides the predictive value and
finally affects the control performance, an on-line switching
mechanism is adopted to regulate the appropriate forecasting step
size of the grey predictor. In general, when the system error is
large, the system response should be quick and the switching
mechanism should choose the negative-step forecasting mode.
Then, the grey predictor has the ability of predicting the
‘‘previous’’ behavior of the system, and the predictive value of
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Fig. 1. The structure of grey–fuzzy predictive controller.
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the output will be large for a decreasing system response.
Therefore, the fuzzy controller will transmit a big control signal
to speed-up the system response and result in a shorter settling
time.

When the system error is very small, the system response
should be decreased and the switching mechanism should choose
the big positive-step forecasting mode. Then, the forecasting value
of the output will be small so that the fuzzy controller generates a
smaller forecasting control signal to prevent the system over-
shoot. Therefore, this mode leads to a slow system response so
that the overshoot of the fuzzy control system with a grey
predictor is smaller than that of the fuzzy control system without
a grey predictor. However, this causes a long settling time. When
the system error is in a special definite range, the switching
mechanism should choose the small positive-step forecasting
mode to overcome the drawback of the other two modes.
Therefore, we have the following switching mechanism:

p ¼

p1o0 if eðtÞ4el

p240 if esoeðtÞoel

p340 if eðtÞoes

8><
>: (15)

where p is the prediction step; p1, p2 and p3 are the step sizes for
the large error, the middle error and the small error, respectively;
es and el are the switching values of the small error and the large
error, respectively.

Then the input variables of the fuzzy controller are

input1 : e�ðtÞ ¼ rðtÞ � y�ðtÞ

input2 : De�ðtÞ ¼ _rðtÞ � _y�ðtÞ ¼ ½e�ðtÞ � e�ðt � TÞ�=T

When the structure of the fuzzy controller uses the linear
control rules and Mamdani minimum inference, the fuzzy control
strategy behaves approximately like a variable parameter PD
controller [14]. Then the GFPC algorithm has

uðtÞ ¼ uðt � TÞ þ k1e�ðtÞ þ k2De�ðtÞ (16)

where k1 and k2 are the variable parameters.

2.3. Stability analysis of grey–fuzzy predictive control

Let us consider a linear model described as follows:

_xðtÞ ¼ AxðtÞ þ BuðtÞ

yðtÞ ¼ CxðtÞ (17)

where x(t)ARn, u(t)ARm and y(t)ARr are the states, control
input, and output of the system, respectively. A, B, and C are real
matrices of appropriate dimensions. e(t) is the tracking error
defined as

eðtÞ ¼ rðtÞ � yðtÞ (18)
Then we have

e�ðtÞ ¼ rðtÞ � y�ðtÞ

De�ðtÞ ¼ _e�ðtÞ ¼ _rðtÞ � _y�ðtÞ (19)

In Eq. (19), ẏ*(t) is defined as the output of the predictive system
using the grey prediction method. The effect of uncertainty in the
prediction will be compensated if the actual error is available in
the next iteration.

According to Eq. (14), we can make assumption that prediction
error is also bounded to a certain small positive constant bp such
that

ky�ðtÞ � yðtÞklpbp (20)

ke�ðtÞ � eðtÞklpbp (21)

Prediction error bound bp is a measure to represent the
deviation of e*(t) from e(t), which means that the higher bp value,
the poorer the grey prediction of the system.

Let

yðtÞ ¼ CxðtÞ ¼ C FðtÞx0 þ

Z t

0
Fðt � tÞBuðtÞdt

� �
(22)

According to Eq. (16), we have

eðtÞ ¼ rðtÞ � yðtÞ ¼ rðtÞ � C FðtÞx0 þ

Z t

0
Fðt � tÞBuðtÞdt

� �
(23)

Putting the GFPC algorithm Eqs. (16)–(23), assuming r(t) is
constant, x0 and e*(0) are equal to zero, we have

eðtÞ ¼ rðtÞ � CFðtÞx0 �

Z t

0
CFðt � tÞBuðt� TÞdt

�

Z t

0
CFðt � tÞB½k1e�ðtÞ þ k2 _e

�
ðtÞ�dt

¼ eðt � TÞ �

Z t

0
Hðt � tÞ½k1e�ðtÞ þ k2 _e

�
ðtÞ�dt (24)

where H(t�t) ¼ CF(t�t)B.

Z t

0
Hðt � tÞk2 _e

�
ðtÞdt ¼ Hð0Þk2e�ðtÞ �

Z t

0

q
qt ½Hðt � tÞk2�e

�ðtÞdt

(25)

Now, using Eq. (25) to simplify and rearrange (24), we have

eðtÞ ¼ eðt � TÞ �

Z t

0
Hðt � tÞ½k1e�ðtÞ þ k2 _e

�
ðtÞ�dt

¼ eðt � TÞ �

Z t

0
Hðt � tÞk1e�ðtÞdt

� Hð0Þk2e�ðtÞ þ

Z t

0

q
qt ½Hðt � tÞk2�e

�ðtÞdt

¼ eðt � TÞ � Hð0Þk2e�ðtÞ

�

Z t

0
Hðt � tÞk1 �

q
qt
½Hðt � tÞk2�

� �
e�ðtÞdt (26)

For brevity of our discussion, the notation and norms of the
functions, introduced in this paper, are as follows:

kf ðtÞkl ¼ sup e�ltkf ðtÞk

kf ðtÞk1 ¼ sup kf ðtÞk

b ¼ sup Hðt � tÞk1 �
q
qt
½Hðt � tÞk2�

����
����
1

(27)
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Taking the norm JdJ both sides of Eq. (26), we have

kI þ Hð0Þk2k keðtÞkpkeðt � TÞk þ kHð0Þk2k ke
�ðtÞ � eðtÞk

þ

Z t

0
Hðt � tÞk1 �

q
qt ½Hðt � tÞk2�

����
���� ke�ðtÞ � eðtÞkdt

þ

Z t

0
Hðt � tÞk1 �

q
qt ½Hðt � tÞk2�

����
���� keðtÞkdt

pkeðt � TÞk þ kHð0Þk2k ke
�ðtÞ � eðtÞk

þ

Z t

0
b ke�ðtÞ � eðtÞkdtþ

Z t

0
b keðtÞkdt (28)

Then, multiplying both sides of Eq. (28) by e�lt, using
expression (20) and assuming that l is taken to be sufficiently
large, we obtain

kI þ Hð0Þk2k keðtÞklpkeðt � TÞkl þ kHð0Þk2kbp

þ b
1� e�lt

l
bp þ b

1� e�lt

l
keðtÞkl (29)

Rearranging Eq. (29), we have

keðtÞklpg1ðtÞkeðt � TÞkl þ g1ðtÞg2ðtÞbp (30)

where

g1ðtÞ ¼ kI þ Hð0Þk2k � b
1� e�lt

l

� ��1

g2ðtÞ ¼ kHð0Þk2k þ b
1� e�lt

l

Then we have the following theorem.

Theorem. If the GFPC, whose structure uses the linear control

rules and Mamdani minimum inference, is applied to the system (17)
with the beneath mentioned assumptions and condition, such that

g1(t)o1, then the tracking error Je(t)Jl satisfies Eq. (30) for

sufficiently large l.

According to Eq. (30), the absolute convergence of error is not
guaranteed because of the presence of bp that is the bound of the
prediction error. Therefore, in the presence of uncertainties, the
prediction error may not converge to zero but to a certain bound.

If the prediction is very accurate, which means that the
parameter identification error bound bp is negligible, then it is
possible to neglect the last terms of Eq. (30), giving the simplified
form as follows:

keðtÞklpg1ðtÞkeðt � TÞkl (31)

The above expression guarantees the absolute convergence of
error to zero as t-N.
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Fig. 2. Membership functions of fuzzy control system: (a) membership function

of input fuzzy sets (e* and De*) and (b) membership function of output fuzzy

sets (Du).
3. Simulation and experiments

In this section, the effectiveness of the proposed GFPC is
demonstrated by simulations.

Example 1. In this example, we apply the proposed method to
control the following second-order non-linear system with a
saturation area of 0.7 and a dead zone of 0.07. The transfer
function of the plant is

GðsÞ ¼
20

1:6s2 þ 4:4sþ 1
(32)

The system sampling period T is 0.01 s. Due to the large number
of the system parameters in a GFPC, it is difficult to find a proper
and dynamic step from all integer numbers by trial and error. So
we limit the range to three prediction steps for the convenience of
investigation. In general, the negative-step value can be selected
from [�4,�2], the small positive-step value can be selected from
[1,10] and the big positive-step value can be selected from [5,20].
So there are 480 feasible solutions. In order to obtain an optimal
solution, we define a cost function as follows:

f ¼max exp �
ST

3

� �
expð�OSÞ

� �
(33)

where ST is the settling time and OS is the max overshoot.

If the final solution f is obtained, it can provide the controlled
system with a high overall performance. In this paper, the
dynamic prediction mode performs the big positive-step P3 ¼ 10,
small positive-step P2 ¼ 2 and negative-step P1 ¼ �2 mode based
on the deviation between the set value r(t) and the sensor output
value y(t) by simulation and calculation. So the switching
mechanism is defined as follows:

p ¼

p1 ¼ �2 if eðtÞ ¼ rðtÞ � yðtÞ40:6

p2 ¼ 2 if 0:1oeðtÞ ¼ rðtÞ � yðtÞo0:6

p3 ¼ 10 if eðtÞ ¼ rðtÞ � yðtÞo0:1

8><
>:

By using Eq. (14), we obtain the grey prediction values and send
them to the fuzzy controller in order to control the non-linear
plant via a communication network. In the fuzzy controller part,
we set ke� ¼ 60; kDe� ¼ 2:5 and ku ¼ 0.8. The membership func-
tions of input and output are shown in Fig. 2(a) and (b),
respectively.

The control rules are shown in Table 1.
Fig. 3 shows the unit step response of the system obtained in

simulation by using GFPC (the dotted line), TFC (the solid line),
and traditional PID control with Kp ¼ 5, ki ¼ 0.1, kd ¼ 0.01 (the
dashed line), respectively.

The performance indices with these three different methods
are shown in Table 2. As can be seen, the proposed method cannot
only reduce the system overshoot efficiently but also maintain the
characteristic of the shorter settling time of the system.

Example 2. In this example, we use the same controller to control
the same plant as Example 1 via a communication network for
showing the efficiency and robustness further. The structure of
the proposed method is shown in Fig. 4.

It is well-known that the network-induced delay is brought into
the control systems along with the inserted communication
network, which not only prevents us from applying some
conventional theorem to NCSs, but also brings many unstable
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Table 1
Fuzzy reasoning rule (U)
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Fig. 3. Simulation results of the given system.

Table 2
The performance indices with three different methods

Performance Settling time (s) Overshoot (%)

PID 2.21 19.58

TFC 1.06 9.26

GFPC 0.92 3.90

Actuator Sensor

Fuzzy Controller Grey Predictor

On-line Switching
Mechanism

u (t)

y (t)

r (t) e (t)
y* (t)

e* (t)
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Plant

… …

Fig. 4. GFPC in networked control systems.
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Fig. 5. Simulation results with the upper bounds of forward and backward

channels k ¼ f ¼ T in NCSs.
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Fig. 6. Simulation results with the upper bounds of forward and backward

channels k ¼ f ¼ 3T in NCSs.
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factors that degrade the stability and control performance of the
system [7,10,21].

In Fig. 4, we use buffers to change random time delays into
constant time delays. The size of each buffer should be equal to
the length of the signal data from the zero-step to the maximum-
step network delay. In this way, the random network delay can be
treated as a constant delay after the buffer. This implies that if
the transmission delay of the data on the network is less than the
maximum delay, they have to stay in the buffer until the
maximum delay is reached. For the convenience of investigation,
we make the following assumptions [8,11,17]:
(1)
 the upper bounds of the communication delays in the forward
and backward channels are k and f of sampling period T,
respectively;
(2)
 the data transmitted through the communication network
have a time stamp so that the packets arrive at the grey
prediction node in a correct order;
(3)
 there are no data packets lost;

(4)
 the output of the plant is transmitted with one data packet.

That is, a single packet is enough to transmit the plant output
at every sampling period.
The simulation results are shown in Figs. 5 and 6, respectively.
The dotted line is the simulation curve of GFPC, the solid line is

the simulation curve of TFC, and the dashed line is the simulation
curve of the traditional PID controller.

In Fig. 5, the upper bounds of the communication time-delays
in the forward and backward channels are equal to the system
sampling period (i.e. k ¼ f ¼ T), and in Fig. 6 the upper bounds of
the communication time delays in the forward and backward
channels are three times of system sampling period (i.e.
k ¼ f ¼ 3T). The performance indices with these three different
methods in NCSs are shown in Table 3.

As can be seen from the simulation results, two experi-
ments with different time delays in forward and backward
channels were conducted to test the GFPC design. By simulating
a non-linear plant, we successfully improve the system control
performances and robustness. The results are better than
the ones that the traditional fuzzy and PID control strategies can
provide.
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Table 3
The performance indices with three different methods in NCSs

Performance Settling time (s) Overshoot (%)

k ¼ f ¼ T

PID 2.56 24.10

TFC 1.95 11.68

GFPC 1.1 5.76

k ¼ f ¼ 3T

PID N 34.26

TFC N 17.73

GFPC 1.46 11.37

L. Wei et al. / Neurocomputing 72 (2008) 197–202202
4. Conclusions and future work

This paper describes the design of a novel grey–fuzzy
predictive controller, which combines grey and fuzzy theory with
the on-line rule switching mechanism. Three forecasting modes
are obtained, namely, big positive-step forecasting mode, small
positive-step forecasting mode and negative-step mode. When
the system error is large, the negative-step mode is used to
increase the upward momentum of the output curve for short-
ening the settling time. When the system error is small, the
positive-step mode is used to prevent the overshooting. The
control signal is obtained according to the complementary
behavior of the distinct modes. Simulation results indicate that
the precision and robustness of the proposed GFPC method is
better than other TFC methods for both NCSs and non-NCSs.

However, the proposed method is only applicable for a class of
fuzzy logic controllers with symmetric and monotonic rule tables
which are equivalent to a linear state feedback controller. How to
choose the proper switching value, reduce conservation and make
the results satisfy other fuzzy controllers is one of the most
important issues to be investigated in the future.
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