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� Optimisation Problem:

¾ D:   Search space
¾ x:  solution. It can be a binary vector, a real vector, a tree, a neural 

network, a computer program…….. 
¾ Optimal solution: maximize f(x): 
¾ f(x): objective function. It can be black-box or/and noisy.  
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� Math. programming (MP)

� Modern Heuristics (including GAs, EDAs, Tabu search ACO¼ ..) 

Original Problem Modified ProblemProblem Approximation

Math Programming Methods

Solution

Original Problem SolutionHeuristics

� Comparison between MP and Heuristics
¾ Quality:

MP:  very good solution to the modified  problem.  Maybe wrong solution to 
the original problem
Heuristics:   reasonably good solution to the original problem

¾ Cost of manpower:
MP:    high (math programming expert, mathematicians)
Heuristics:     easy to understand low

¾ Cost of computing resource

MP: low
Heuristics: high
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� GA Framework ¾ Selection: 
The better a solution is, the more 
chance it has to be selected.

¾ Crossover 
generate new solutions by combining 
two or (more) parent solutions

¾ Mutation
generate a new solution by altering a 
parent solution. 

¾ Replacement
Select individuals for the next 
generation     

Population 

Selection

Parent Set 

Crossover
Mutation

New solutions

Replacement
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� Examples of Selection: Proportional Selection
¾ The probability of a individual becoming a parent is  proportional 

to its fitness

¾ Do above selection Parentset_Size time. 
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� Example of Crossover: One-point Crossover

� Example of Mutation

00 01 01 11

Parent 1

0 1 1 0 1 0 0 0

Parent 2

0 0 0 11

0 1 1 0 1

0 0 0

0 11

Child 1

Child 2

1  1  1  1  1  1  1parent

1  0  1  0  1  1  1Child
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� Compared with traditional EAs
¾ The EDA behaviours are relatively easy to study.
¾ It is possible to explicitly learn and utilize the information of the problem 

structure in EDA. 

� Short history of EDAs 
¾ Generation Methods (60’s in Soviet Union)
¾ Population-Based Incremental Learning (1994)
¾ Estimation of Distribution Algorithms (1996)
¾ IEEE CIS EC working group on Evolutionary Algorithm Based on Prob. 

Model (2004)�
People realised that the following algorithms should be in the same group:

EDAs, Ant Colony Optimisation, Cross Entropy Method…..         
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� Difference from GAs
¾ Without xover or mutation
¾ Using modelling and sampling 

to generate new solutions. 

Population 

Selection

Parent Set 

Modelling

New solutions

Replacement

Prob. Model

Sampling

� Framework:

� A simple example: How to do modelling 
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Modelling

(1/3, 3/2, 1, 1/3)

The variable 
interaction has not 
been considered
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� An example:  Sampling

(1/3, 3/2, 1, 1/3)

)0,1,1,0(
)0,1,1,1(
)1,1,1,0(
)0,1,0,1(
)1,1,1,0(

Model

New Solutions

sampling
0-1 random number 
The prob that its value  being 
1=1/3

0-1 random number 
The prob that its value  being 
1=2/3

Univariate Marginal Distribution Algorithm

� Advanced EDAs
¾ Incremental Learning: incrementally update the prob. model.  

9 Population Based Incremental Learning 
¾ Considering dependence among the variables

9 The dependence structure is fixed:  factorised distribution algorithm.
The structure can be determined based on problem-specific knowledge
The structure is learned from the data. 

9 EDA can explicitly consider the variable interactions. 
¾ Shortcomings in EDA with variable-dependences.

9 More data are needed, so
9 Computational costs are high 

x1

x2 x3

x4

UMDA

x1

x2 x3

x4

Advanced EDA
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Evolutionary Algorithms + Other  Techniques: Why

� Two heads are better than one.
� No Free Lunch Theorem: no algorithm can perform well 

on all the problems, so problem-specific techniques 
should be used for solving a hard problem.

In the following, I will give 
the BASCI IDEA and SIMPLEST version of our algorithms
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Crossover Based on Experimental Design

� Crossover
¾ Find n representative points in a area determined by m parent 

points. 

� “Representative” has been well studied in experimental 
design.    

Parent solutions
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Orthogonal design: Example
¾ The quality of a product depends on 

three factors A, B and C.  Each factor 
has three levels (three possible 
values).

¾ An experiment=A combination of 
factor-levels, e.g, (80, 20, 3). 

¾ In the case of k factors at n levels, we 
have nk possible experiments.

¾ Very often, it is impossible to test all 
the experiments.

¾ Experimental design tell us how to 
select a small but representative 
experiments for testing. 

¾ Orthogonal Array: tool for selecting 
representative experiments:

3mg2mg 1mgC  (Amount of 
Catalyst)

25Sec20Sec10SecB  (Time)

120oC100oC80oCA  
(Temperature)

� Orthogonal Crossover Based on L4(23)
Example
¾ Given 2 parent solutions:

¾ (Randomly) divide two parents into three parts (as in 2-point Xover)

¾ We have three factors: red, black, blue,  each of them has two levels: $’s and £’s.
¾ We can use L4(23) to generate 4 offspring. ($=1, £=2).

X=($$$$$$$$$$$$$$$$$$$$$$$)
Y=(£££££££££££££££££££££££)

X=($$$$$$$$$$$$$$$$$$$$$$$)
Y=(£££££££££££££££££££££££)

($$$$$$$$$$$$$$$$$$$$$$$)
(££££££££$$$$$$$$$$$$$$$)
(££££££££$$$$$$$$$££££££)
(£££££££££££££££££$$$$$$)
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� The first paper on orthogonal Xover and its application 
can be found in 
Q. Zhang and Y. W. Leung, Orthogonal Genetic Algorithm for Multimedia 
Multicast Routing." , IEEE Trans on Evolutionary Computation, Vol. 3, No. 1, 

1999.

Some researchers have extended it to uniform design 
and MOP.   
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� Motivations
¾ EDAs can use global statistical information. But the location information of 

each individual is not directly used in generating new solutions. 
They may ignore isolated good solutions

−0.5 0 0.5 1 1.5 2
−0.5

0

0.5

1

1.5

2

In modelling, two isolated points (red 
ones) may be ignored. 

Guided Mutation

¾ Sometimes, we couldn’t build a correct model. 

¾ EDAs have no mechanism to control the similarity (distance) between 
new solutions and a given solution. 
Proximate Optimality Principle (POP): good solutions are similar.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
−1.5

−1

−0.5

0

0.5

1

1.5

• Blue points:  parent sets.

• We build a normal distribution 
model to model the distribution of 
the blue points. 

• Red points are sampled from the 
model. 

• Some red points are far from the 
blue ones.   

Guided mutation is an operator based on 
location information and global statistical information.
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Model ($$$$$$$$$$$$$$$$)

($£$$$£$$£$££$$$$)

£ $

� Basic idea

� Example
¾ Input: 

9 The prob. model
9 A point 
9 Control parameter:  

¾ Output: 
¾ How to generate 

n
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Hybrid Evolutionary Algorithm with 
Guided Mutation

New solutions

Apply Guided Mutation 
on the best solution in 
the current population to 
generate new solutions

PopulationProbability Model 

PopulationProbability Model 

Probability Model 

Apply local search/heuristic to 
improve each new solution

Population 

Probability Model

Update the prob. model based on statistical 
info. extracted from  the population

Population 

selection

Experimental Results

� Maximum Clique Problem 
Given a graph, find its maximum clique
¾ Each subgraph is encoded as a binary string
¾ A very simple local heuristic is used for repairing each subgraph. 



16

Guided mutation is useful

Comparison with HGA
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For more details, please see
Q. Zhang, J. Sun and E. Tsang, "Evolutionary Algorithm with Guided 
Mutation for the Maximum Clique Problem", IEEE Trans. on Evolutionary 

Computation, 2005, No.2.

� Summary
¾ Guided mutation: location information+ global information
¾ Hybrid EAs with guided mutation  work well on QAP and MCP. 
¾ It can be used for solving other hard problems. 
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� Multi-Optimisation Problem (MOP) 

� Pareto Optimality
x is Pareto optimal       no other 
point y is better than x in at least 
one objective and not worse than 
x in all other objectives.

� Pareto Set (in x-space): all the 
Pareto optimal solutions.

� Pareto front (in f-space) the image 
of Pareto set in y-space

1f

2f

Pareto front in f-space

1x

2x

Pareto Set in x-space

nT
n

T
m

RXxxxx

xfxfy

�� 
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m=2

n=2

� Regularity of MOP
The Pareto Set (Pareto Front) is a (m-1)-

dimensional piecewise continuous 
manifold in x-space (y-space). 

� Some math. programming methods 
have used such regularity in f-space.

1f

2f

Pareto front in f-space

1x

2x

Pareto Set in x-space

m=2

n=2
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Population

New Solutions

Reproduction

Competition
Replacement

=selection

Crossover
mutation

Pareto
Rank

GA

modelling
Sampling

EDA

Mixture of Gaussian Distribution

Evolutionary Algorithm for MOP

� Goal: find a set of solutions 
which are uniformly distributed 
along the PF or PS.

� Main issues 

¾Convergence

¾Diversity

How can the regularity be used in
designing efficient EAs for MOP? 

� Few EAs use the regularity of MOP.

Population

New Solutions

Modelling &
Sampling

Competition
Replacement

=selection

A new EDA for MOP

� Basic Idea behind Modelling (m=2)
¾ The Pareto Set is a 1-D curve (regularity). 
¾ Hopefully, 

population      the Pareto Set.



20

Population

New Solutions

Modelling &
Sampling

Competition
Replacement

=selection

� Basic Ideas behind Modelling 
¾ The Pareto Set is a 1-D curve. 
¾ Hopefully, 

population      the Pareto Set.

Population

New Solutions

Modelling &
Sampling

Competition
Replacement

=selection

� Basic Ideas behind Modelling 
¾ The Pareto Set is a 1-D curve. 
¾ Hopefully, 

population      the Pareto Set.
¾ Given a population, its principal curve 

could be an approximation to the PS.  
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Population

New Solutions

Modelling &
Sampling

Competition
Replacement

=selection
� Modelling method:

  curve.a  is Rb] [a,  :c

 noise. Gaussian D-a  is 

].[ on ddistributeuniformly  is 
where

)(
 of samplea  as regarded is

 populationcurrent   theinpoint  Each

n�

��

n

a, bs

scx

�

�

This model is different from 
other models in EDAs.     

� Local PCA, SOM for computing
¾ Central curve and its range
¾ Parameters in 

� Sampling 
¾ Suppose we have obtained the model

¾ Our obtained central curve may approximate part of the PS, so 
it is reasonable to extend the curve a little bit when we do 
sampling   

H

  noise. Gaussian D-a  is 
.

where
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n

bsa

scx

�

�
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��

)(1.0)(1.0 abbsaba ��dd��

exploration guided by models.
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¾ 5 Test Problems
9 Modified versions of commonly-used test functions
9 The Pareto sets in decision space are a line or a curve. 

¾ Comparison with NSGA-II  
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Experimental Results

� More details can be found in 
A. Zhou, Q. Zhang, Y. Jin, E. Tsang, T. Okabe, A model-Based EA for Bi-

Objective Optimisation, CEC’2005.

� Conclusions
¾ Model=Curve+Noise.
¾ Learning method: Local PCA, SOM
¾ Exploration guided by model
¾ Experimental results are promising 
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A EA for MOP Based on Decomposition

� Decomposition 
(Weight sum approach)
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1f

2f

Finding a set of representative 
Pareto optimal solutions

).( eachfor  solution optimal  theFind
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MOEA/D
� Try to find the solution to each of N objectives 

� If       and       are close enough, then we call 

� At each generation, It maintains a population:

where 
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MOEA/D
� Try to find the solution to each of N objectives 

� If       and       are close enough, then we call 

� At each generation, It maintains a population:

where 

iw
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neighbours are )|( and )|( ji wxgwxg
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� Update 
¾ Randomly pick up its two neighbouring solutions
¾ Perform crossover, mutation on them and produce a solution y. 
¾ Starting from y, use a local search to minimize 
and obtain z.
¾ If z is better than        , then
replace        by   z.

ix
kj xx  and 

)|( iwxg

ix
ix
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� Experiments:
� MOKP: 

� MOGLS: one of the best algorithms for MOKP. 
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� MOEA/D slightly outperform MOGLS. But it is much 
faster.
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Summary

� Combination of different Heuristics + Problem specific 
knowledge:  Powerful problem solver.

� GA +experimental design.
� Guided mutation: EDA+GA.
� EDA + Principal Curve Analysis for MOP.
� EA for MOP based on decomposition

� Future research direction:
Combination of these methods

Heuristics

Math Program
Machine learning

Prob. and Stat.Not new 

Common sense

Thanks !
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� EDA+Two Local Search for Global Opt. Problem

Population 

Reproduction (EDA)

Selection

……

……Cheap
LS

Cheap
LS

Cheap
LS

Cheap
LS

……

Expensive
LS

Expensive
LS

Copy Copy Copy……

……

Only a few top 
Individuals undergo

expensive LS

� Cheap LS: 

simplex method with limited no. 
of f-evaluations.

�Expensive LS: 

Powell method based on 
quadratic approximation

� Why cheap LS?
¾ Suppose that a and b
is produced by  an EDA or GA
operator.
¾ Whose attractor is better?
¾ Without local search, we tend to say:
the attractor of b may be better 
than that of a 
(minimization problem)

x

f(x) a

b
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� Why cheap LS.
¾ If we apply a cheap LS, we will
have: a’s attractor may be better than b’s.

¾ Cheap LS can move a point close 
to its local optimal point. 
¾ In most local search, the first 
few (say, 10) steps can reduce
the function value significantly
(say from 200 to 1), but 
the further (say, 80)
steps refine the solution (e.g., the function
value is reduced from 1 to 0.0001). 

x

f(x)

a

b

� expensive LS.
¾ Only really promising points undergo
expensive LS.
¾ The computational cost has been 
saved. 

x

f(x)

a

b
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� Prob. model: histogram model
¾ Suppose all the variables are independent of each other. 
¾ For each variable xi,  we use histogram model to model its distribution.

� Other Trick
¾ Uniform Design Technique are used in initialisation.

� Experimental Results:�
The effectiveness of the main component of EDA+2 Local Searches (EDA/L)

12.512.5
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· A: Does not use uniform design in initialisation. Use random sampling.
· B: Only Expensive LS. 
· C: doesn't use EDA operator.
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� Summary
¾ Using cheap LS and expensive LS is helpful
¾ EDA operators are better than GA operators in our algorithm.
¾ Uniform Design is useful. 

� More experimental results can be found in 

Q. Zhang, J. Sun, E. Tsang and J. Ford, 
"Hybrid Estimation of Distribution Algorithm for Global Optimsation",
Engineering Computations, vol. 21, no. 1, 2004, pp91-107

Which can be downloaded from http://cswww.essex.ac.uk/staff/qzhang/
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