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On the Convergence of a Class of Estimation of
Distribution Algorithms

Qingfu Zhang, Member, IEEE, and Heinz Miihlenbein

Abstract—We investigate the global convergence of estimation
of distribution algorithms (EDAs). In EDAs, the distribution is es-
timated from a set of selected elements, i.e., the parent set, and then
the estimated distribution model is used to generate new elements.
In this paper, we prove that: 1) if the distribution of the new ele-
ments matches that of the parent set exactly, the algorithms will
converge to the global optimum under three widely used selection
schemes and 2) a factorized distribution algorithm converges glob-
ally under proportional selection.

Index Terms—Convergence, estimation of distribution algo-
rithms (EDAs), factorized distribution algorithms (FDA).

I. INTRODUCTION

VOLUTIONARY algorithms (EAs) are population-based

algorithms for optimization and search problems. EAs
maintain and successively improve a collection of potential
solutions until some stopping condition is met. Let Pop(t) be
the population at generation ¢t. An EA works in the following
recursive way.

Step 1) Selection: Choose some elements from Pop(t)
to form the parent set Pop®(t), using a selection
scheme.

Step 2) Variation: Perform variation operations on ele-
ments of Pop®(¢) and generate new elements to
form the new population.

The most popular implementations of EAs are genetic algo-
rithms (GAs), evolution strategies (ES), and evolutionary pro-
gramming (EP). EAs employ crossover and mutation as vari-
ation operators to create the elements of the next generation.
Numerous successful applications of EAs have been reported
in the literature. Many search and optimization problems have
also been encountered, where EAs perform badly. The behavior
of EAs is often studied theoretically by using the following ap-
proaches: schema-based approach [1], Markov chain models
[40], and infinite population models [21] among others (e.g.,
[2] and [3]). The schema (i.e., building blocks) theory for GAs,
originally proposed by Holland [1], [36], [37], aims to predict
the expected numbers of solutions in a given schema (a subset
of the search space) at the next generation, in terms of quanti-
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ties measured at the current generation. The schema theorem of
Holland only gives the lower bounds for the expected quanti-
ties and does not say anything precise about schema reconstruc-
tion. Recently, the exact schema theorems for GA and genetic
programming (GP) have been derived for exactly predicting the
expected characteristics of the population at the next genera-
tion [38], [39]. However, much effort has to be made in utilizing
these theorems to study the convergence of a GA. Markov chain-
based approaches characterize an EA as a Markov model with
the current population being the state variables, and then study
the convergence of the population in the sense of probability
[40]-[43]. A general framework has been developed for ana-
lyzing the first hitting time of an EAs Markov model [25]-[27].
Under this framework, some open questions on the roles of pop-
ulation and crossover have been successfully solved for several
typical EAs on different problems. Infinite population models
approximate the behavior of an EA as its population size tends
to infinity [21]-[23]. These models are often represented by de-
terministic dynamical systems and, therefore, the mathematical
analysis becomes easier. However, an upper bound of the error
between the actual EA and its model is not easily estimated.

One recent principled alternative to traditional EAs is
provided by population-based algorithms using estimation
of distribution, which are often called estimation of distribu-
tion algorithms (EDAs) [6], [8]. Instances of EDAs include
population-based incremental learning (PBIL) [7], univariate
marginal distribution algorithm (UMDA) [5], mutual informa-
tion maximization for input clustering (MIMIC) [9], combining
optimizers with mutual information trees (COMIT) [10], factor-
ized distribution algorithm (FDA) [11], Bayesian optimization
algorithm (BOA) [12], Bayesian evolutionary algorithm (BEA)
[13], iterated density estimation evolutionary algorithm (IDEA)
[14], and global search based on reinforcement learning agents
(GSBRL) [15], to name a few. There is no traditional crossover
or mutation in EDAs. Instead, they explicitly extract global
statistical information from the parent set Pop®(¢) and build a
posterior probability distribution model of promising solutions,
based on the extracted information. New solutions are sampled
from the model thus built and fully or in part replace Pop(t)
to form the new population Pop(¢ 4 1). The idea of EDAs can
be easily adapted for many optimization problems. Since the
dependence relationships in the distribution of the promising
solutions are highly relevant to the variable interactions in
the problem, EDAs are promising methods for capturing the
structure of variable interactions, identifying and manipulating
crucial building blocks and, hence, efficiently solving hard
optimization and search problems with interactions among the
variables.
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Relatively little effort has been devoted to studying the
working mechanics of EDAs. Miihlenbein [5], Gonzalez et al.
[16], and Hohfeld and Rudolph [17] have studied the behaviors
of UMDA and PBIL (the simplest versions of the EDA, which
ignore all the variable interactions). Their results show that
these algorithms can locate the optimum of a linear function
but cannot solve problems with nonlinear variable interactions.
In [18], Miihlenbein and Mahnig discussed the convergence
of the FDA for separable additively decomposable functions
(ADFs). Since there are no overlaps in their objective functions,
their FDA is equivalent to the UMDA. Therefore, their work
does not deal with the ability of FDA to solve problems with
variable interactions.

The purpose of this paper is to study the convergence of
EDAs. It is extremely difficult to analyze the behavior of
EDAs with a finite population. However, the distributions of
infinite populations can be studied mathematically and can
be regarded as the limit distributions of large populations.
For this reason, this paper focuses on the dynamics of the
distributions of infinite population in EDAs. In designing
practical EDA-like algorithms, researchers often explicitly or
implicitly attempt to make the distribution of the population
approximate that of their parents as closely as possible. We
prove in this paper that EDA converges to the global optimum
under three widely used selection schemes if the distribution
of the next generation exactly matches that of their parents.
This result shows something of the utility of this approach. To
avoid exponential explosion, most existing EDAs can only use
low-order dependence relationships in modeling the posterior
probability of promising solutions. Obviously, the distribution
of the next generation does not approximate that of their parents
in these algorithms. FDA is an algorithm of this kind. We show
that FDA converges to the global optimum under proportional
selection for maximizing real-valued ADFs. Our analysis
implies that the use of some selected low-order dependence
relationships in EDAs can guarantee convergence.

The paper is organized as follows. Modeling of EDAs with
infinite populations is introduced in Section II. Section III con-
tains the convergence results for EDAs with p(z,t + 1) =
p®(x,t). Convergence results for FDAs with proportional selec-
tion are established in Section IV. Section V summarizes the

paper.

II. MODELS OF EDAS WITH INFINITE POPULATIONS

We consider the following optimization problem:

max f(x) z €D (1)
where z = (z1,z2,...,2,) € R*, D C R" is a bounded
and closed set with nonempty interior, and f(z) : D — R is
a positive and continuous objective function. Therefore, there
exists a point z* € D such that f(z) < f(z*) forallz € D.
x* is called a globally optimal solution and G* = f(z*) is the
global maximum.! Throughout this paper, we assume that the
Borel measure of H = {z |z € D, f(x) > C} is positive if
C <G

! f(2') may have many distinct globally optimal solutions.

A. EDAs With Infinite Population

As denoted in Section I, Pop(t) and Pop®(t), respectively,
are the population and the parent set at time ¢ in an EDA for
the problem (1). Let the underlying probability distribution
functions for the points in Pop(¢) and Pop®(¢) be p(z,t) and
p®(x,t), respectively. By the famous Glivenko—Canteli theorem
[45], the empirical probability density functions induced by
points in Pop(¢) and Pop®(¢) will converge to p(x,t) and
p*(x,t), respectively, as the sizes of Pop(t) and Pop®(¢) tend
to infinity. Therefore, p(z,t) and p°(z,t) can be thought of
as the population and the parent set at time ¢ in the EDA with
infinite populations. Correspondingly, EDAs can be modeled
as the following iteration of probability functions.

Step 1) Selection: p(z,t) — p*(x,t).

Step 2) Variation: p®(z,t) — p(z,t + 1).

We define

E(t) = | f(@)p(x,1) d. )
/

E(t) is the average objective function value of the population at
time ¢t. We say that the EDA converges globally if
lim E(t) = G*.

t—o0o

3

Intuitively, almost all the individual points in the population will
move to globally optimal points as the time tends to infinity if
an EDA converges globally.

B. Proportional Selection Model

Proportional selection is the most basic selection scheme in
EAs. In the case of a finite population, the probability of a point
being selected as a parent is proportional to its fitness (i.e., ob-
jective function value). Therefore, in the case of an infinite pop-
ulation, this selection scheme should be modeled as

f@p(,t)

S0

P’( “

C. Truncation Selection Model

Truncation selection ranks all the points in the current pop-
ulation according to their objective function values and selects
the best ones as parents. In truncation selection with threshold
a(t) only the 100 (t)% best points are selected to become the
parents for the next generation. This selection has been used in
the breeder GA and some implementations of EDAs [5]. It can
be modeled as

p(z,t) 1
p*(z,t) = { ORI f(x)Z p(t) 5)
0, otherwise
where (3(t) is a real number such that
a(t) = p(z,t) dz. (©)
F(z)2B(t)

Therefore, a point is selected if and only if its objective function
is not less than 3(t).
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D. Tournament Selection Model

In K-tournament selection [35], K points are randomly
chosen from the current population and the best point is selected
to be a parent. As pointed out in [35], K = 2 is a typical value
used in many applications. Therefore, we consider the case
K = 2 and assume that p(z,t) is continuous. In this case, the
tournament selection can be modeled as [5]

ps(fl?,t) = 2p($,t) p(yvt) dy. @)
F(y)<f(=)

Blickle and Thiele have studied the expected fitness distribution
after repeating tournament selection several times [19], [20].
The model (7) can also be derived from their work.2

The mathematical models of natural and artificial selection
have been extensively studied in the area of population genetics
[46]-[48]. The effect of biological selection on the quantitative
characteristics of the offspring can be inferred from the observed
regression of offsring on parent. Miihlenbein has applied this
technique to study the behaviors of GAs [5].

II. EDAS WITH p(z,t 4+ 1) = p*(z,t)

EDAs build a probability model based on the extracted sta-
tistical information from Pop®(¢) and sample from the model,
thus, built to generate new points for the next generation.
One principle in existing EDAs is to make the probability
model approximate the actual probability distribution of
points in Pop®(¢) as closely as possible within a reasonable
computational time. In the case of infinite populations, this
principle is equivalent to approximating p(z,t + 1) to p*(z, t).
Therefore, it is worthwhile studying the convergence of EDAs
with p(z,t + 1) = p°(z,1).

Theorem 1: If p(x,0) is positive and continuous in D and
p(z,t+ 1) = p*(z,t), then

a) the EDA with proportional selection converges;

b) the EDA with truncation selection converges if «(t) < 6

for all t > 0, where # < 1 is a positive constant;

c) the EDA with 2-tournament selection converges.

Proof: Case A: Proportional Selection.
By (4), the algorithm can be described as

_ pla,t)f(x)

E(t)
From the fact that f(z),p(z,0) > 0 forall z € D, and f(z)
and p(x) are continuous, it follows that p(z, t) is a positive con-

tinuous probability function, and E(t) < G* for all ¢ > 0. By
(2) and (8), we have

p(z,t+1) ®)

JUf (@))Pp(x, t) da
E(t+1)="2

0 ©

Then

JUf (@) = E@)Pp(z,t) dz
E(t+1)—E{t)="2

B0 (10)

2In fact, taking t = 2 and N = 1 in (8) and [19] (¢ is the tournament size
and NV is the number of times the selection repeats), we obtain a model which
is mathematically equivalent to our 2-tournament model.

equation (10) and (55) are equivalent to Fisher’s fundamental
theorem of natural selection [46], which has been discussed in
the context of GAs in [5], which implies that

E(t+1) > E(t) (11)
for all ¢ > 0. Therefore, lim;_, . F(¢) exists. Let
G2 Jlim (1), (12)

We next prove by contradiction that G = G*. Assume that

G < G*. (13)
By (8)
p(il77t) _p(a:’O)E(t— 1) E(t_Q) E(O) (14)
Since
fim 1@ _ @) (15)

t—oo F(t) e

whenever f(x) > G. Noting that p(xz) > 0 for all z € D, we
have

flim p(z,t) = 400 (16)
for all z with f(z) > G.

Let S = {z|z € D, f(x) > G}. By the assumption stated
earlier in Section II, the Borel measure of S is nonzero. Then,
by Fatou’s lemma [44]

lim
t—o0 .

S

p(z,t) de = +00 a7

which contradicts the fact that p(x,t) is a probability density

function. This completes the proof of the theorem for Case A.
Case B: Truncation Selection.

In this case, the algorithm is as follows:

p@J+U={

Thus, we have p(z, t+1) = 0 whenever f(z) < 3(t). It follows
that:

p(z,t

P (%) 2 B(t)

. (18)
0, otherwise

p(w,t+1)de = /p(a:,t—i—l) dr = 1. (19)
F@)2B(t) D
By (6)
plz,t+1)de=a(t+1) <1. (20)
F(@)>B(t+1)
Comparing (19) and (20) gives
Bt) < Blt+1), t=1,2,.... 1)
It follows that lim;_, ., 5(t) exists. Denote
B = tli)rgo B(t). (22)

We next prove by contradiction that = G*. Assume that

B <G (23)
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Therefore

t—1

p(x,t) = p(x,0) [Jla(@D] " > 6~"p(x,0)

=0

(24)

whenever f(z) > (3. Noting that p(z,0) > 0 for any x € D,
we have

tlim p(z,t) = 400 (25)

forall z with f(z) > 8. Let S = {z |z € D, f(x) > (3}. Since

the Borel measure of S is positive, by Fatou’s lemma we obtain
lim
t—oo |

S

p(z,t)de = +o00 (26)

which contradicts the fact that p(x,t) is a probability density
function. Therefore, we obtain

tll)n;o B(t) = G*. 27
Note that
E(t) > B(¢). (28)
Then, we have
tli)rglo E(t) =G*. 29)
This completes the proof of the theorem for Case B.
Case C: Tournament Selection.
In this case, the algorithm can be modeled as
p(w,t+ 1) = 2p(z,t) / p(y,t) dy. (30)

Fy)<f(=)

For any given positive ¢, let N. = {z |z € D, f(z) > G* —¢€},
and denote

r(e t) = /p(:v,t) dx (31)
Ne
and
q(e,t) = p(z,t)dx. (32)
D\N,
By (30), we obtain
rle,t+1) = / 2p(x,t) p(y,t)dy| dz. (33)
€N, FW)<f(=)
Obviously
p(y,t) dy=q(e,t)+ py,t)dt (34)
Fy)<f(=) G*—e<f(y)<f(x)

for x € N.. Inserting (34) into (33) and rearranging them leads
to

r(e,t+1) = 2q(e, t)r(e,t) + 1 (35)

where
I=2 p(z,t)p(y,t)dedy.  (36)
2EN. G*—e<f(y)<f()
By the symmetry of p(z,t)p(y,t)
p(@,t)p(y,t) dz dy
2EN. G*—e<f(y)<f()
- [ [ seowoda.
YEN. G*—e<f(a)<f(y)
Then
I= p(y, t)p(z,t) dz dy
TEN. G* —e< f(y)<f(2)
+ (e, Op(y. ) da dy
YEN G*—e< f()< f(y)
= [ [ swon0dsay
xEN,. yeN,
2
- / p@ ) de| = [r(e O (38)
EN.
Therefore
r(e,t 4+ 1) = 2q(e, t)r(e, t) + [r(e, 1)]?. 39)
Noting that g(e,t) + r(e,t) = 1, we have
r(e,t+1) =1 — [q(e, t)]% (40)
Thus
g(e,t+1) = [g(e,1))? 4D
which implies
g(e,t+1) = [g(e, 0. (42)
Since g(e,0) < 1, we obtain
tlim q(e,t) = 0. (43)
Then
tlim r(e,t) =1 (44)
which implies
Tlim E(t) =G . (45)
This completes the proof of the theorem for Case C. [ ]

Since selection schemes have a crucial impact on the perfor-
mance of EAs and it is very difficult to analyze the joint effect
of selection schemes and recombination operators, much effort
has been devoted to analyzing the behaviors of EAs using selec-
tion schemes only. Very recently, He and Yao have made one of
the first attempts toward analyzing EAs with recombination and
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with a population size greater than one [26]. The EAs with se-
lection only can be regarded as implementations of EDAs with
p(z,t + 1) = p*(z,t). Qi and Palmieri have studied the effect
of the proportional selection scheme and obtained a very similar
result [21].3 Goldberg and Deb have introduced the concept of
takeover time as a measure of selective pressure for algorithms
for a finite search space [24]. Several selection schemes have
been studied and compared with respect to their takeover time
[28]. He and Yao have used the first hitting time in the study of
the time complexity of EAs with finite population for combina-
torial optimization problems [25]-[27]. Selection intensity and
fitness distribution have also been analyzed extensively in finite
space [20], [29], [30]. We plan, in the future, to extend these
concepts to EDAs for continuous optimization problems.

IV. CONVERGENCE OF FACTORIZED
DISTRIBUTION ALGORITHM

Theorem 1 shows that approximation of p(z, t+1) to p*(z, t)
will drive the population to the global optimum. However, it is
often very difficult to do so numerically in practical algorithms,
particularly for large-scale problems. p(z, ¢+ 1) has to be built
within a reasonable computational time. This task will become
tractable if p(x,t + 1) is expressed by a graphical model [31].
For this reason, most current EDAs use graphical models to rep-
resent p(z,t + 1) (e.g., [9]-[11] and [14]). These algorithms
select some dependence relationships [i.e., multivariable mar-
ginal probabilities of p*(z,t)] to construct p(z,t + 1). Obvi-
ously, there exists a gap between p(z,t + 1) and p*(z,t). To
our best knowledge, no work on the convergence of these algo-
rithms has been carried out so far. In this section, we will study
the convergence of FDA [11]. FDA chooses a graphical model
for building p(z,t + 1) based on the prior knowledge of the
structure of f(x). We first introduce the following definition.

Definition 2: Letx = (x1,%9,...,%,) € D,dy,...,dy, be
nonempty subsets of I = {1,2,...,n}, and x4, be the sub-
vector of  containing z; for j € d;. Then

(40)

is called a canonical form of f(z), if :

a) UL d; = I,

b) foreach 1 < i < m,d; and UL, d; cannot properly

contain each other;

¢) foreachs = 1,2,...,m—1landz < [ < m,leta; =

d; N (U T i1dy ), then a; N d; is empty or a; C d;.

The above requirements for d; are the same as that in the def-
inition of the triangulation structure in the graphical model for
multivariate statistics [31].

A function can have several different canonical forms. For ex-
ample, if

f(z) = ha(w1,2) + ha(w2,23) + ha(w3,24) + ha(ws,21)

3The theorem of Qi and Palmieri on proportional selection (in [21, Th. 2])
assumes that the objective function has a unique global maximum and that the
global maximum has a connected neighborhood.

then the above form is not canonical. But f(z) can be written
as the following canonical form:

f(x) = g1(z1, 22, 24) + g2(x2, 23, 74)

where 91(37171172, 1174) = }L1($17.’172) + }L4(JZ4, xl) and 92(392, xrs,
x4) = ho(x2,x3) + hs(xzs,24). f(x) can also be expressed as
the following canonical form:

() = li(z1, @2, 23) + lo(x1, T3, T4)

where ll(xl, T2, ."I,‘3) = hl(xl, Iz) + hz(a’}g, 1,’3) and 12(1,’1, T3,
:54) = h3($37.’174) + }L4($47.’171).

In the following, we always assume that f(z) is in the form
(46) and that D is a closed hypercube of R™. FDAs for contin-
uous optimization problems have first been investigated in [32].
A FDA with finite populations for the problem (1) can be de-
scribed as follows.

Step1)  Selection: Pop(t) — Pop*(t).

Step2)  Variation: Pop®(¢t) — Pop(t + 1).

Step 2.1) Estimate the marginal probabilities p®(zq,,t),
p°(2a;,t) of the points in Pop®(t). Denote the
estimated probabilities as p*(z4,,t), p°(@q,,t).*

Step 2.2) Sample points from the probability »

H;n:zl p° (.Ta]. s t)
to form Pop(t + 1).

In Step 2.1), only p*(z4,,t) and p*(z4,,t) need to be esti-
mated. If all the d; are very short, the computational overhead
involved in Step 2.1) should be acceptable. On the other hand,
a good estimation of marginal probability p®(x4,,t) for short
d; could be obtained from Pop®(¢) if it has a reasonable size
(see [45, Ch. 12]). Therefore, Step 2.1) should be able to be im-
plemented without much difficulty. Sampling in Step 2.2) can
be easily made, based on the graphical model determined by d;
[11].

Obviously, the FDA with infinite populations should be mod-
eled as follows.

Step 1) p(z,t) — p*(z,1).

Step 2)

(47)

[Iiz: p* (za,, t)
H;n 1117 ( t)
In the following, we only study the FDA with infinite popu-
lations. Using the properties of the canonical form [31], we can
prove.
Lemma 3: For the above FDA, we have the following:
a) p(x,t) > 0forallz € Dand [, p(x,t)de =1;
b) p(za,,t+ 1) = p*(x4,,t),i=1,...,m;
) p( Tum ,d; |$d17t) = p( Tum ,d; |$a17t)'
where p(z, | 2, t) stands for the conditional probability, i.e.,

p(z,t+1)= (48)

p($aub7 t)
p(iL’b, t) '
In Lemma 3, a) says that p(x, t) is a probability density func-
tion of z defined on D, i.e., the FDA is well-defined, b) indicates

p(Ta|zp,t) = (49)

“In this paper, if @ C I is empty, the marginal probability of z, is defined to
be one.
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that for each subvector x4,, FDA samples points for the next
generation exactly according to p®(x4,,t), and (c) and (d) will
be useful in the proof of the global convergence of the FDA.

A. Global Convergence for Proportional Selection

In this section, we consider the global convergence of the
FDA for the problem (1) when the following generalized pro-
portional selection (GPS) is employed in Step 1) of the FDA:

o) = e ) ) 50

Tplw O F (e 0 do+ w(®

where F'(z,t) and w(t) satisfy the following conditions:
Al) F(z,t) = Y1, Fi(wg,,t) forall t > 0;
A2) limy_, o Fi(xg,,t) = fi(zg,) fori =1,2..., and for
allt > 0;
A3) 0 < Fi(zq,,t) < Fi(zq,,t+ 1) foreach1 < i <m
and for all t > 0;
A4) 0 < w(t) < M forallt > 0, where M is a constant.
Let F(x,t) = f(z) and w(¢) = 0 for all ¢ > 0. Then, (50)
will become (4). Therefore, proportional selection is a special
case of the GPS. The reason that we use GPS (50) instead of
proportional selection (4) is to make the induction in the proof
of Theorem 5 much easier.
The following lemma can be regarded as an extension of
Theorem 1.
Lemma 4: In the case m = 1, if p(x,0) is positive and con-
tinuous in D, then for the FDA defined by (50) and (48), we
have

tlim p(z,t)F(z,t)dx = G*. (51
D
Proof: In this case, the algorithm is as follows:
p(z, O)[F(z,t) + w(?)]
1.t) = . 52
Pt L = D de w2
D

Noting A3) and A4), it is easy to show that p(z, ) is a positive
continuous probability function for all ¢ > 0. Denote

e(t) 2 /p(x,t)F(x,t) dz. (53)

D

By A2) and A3), we know that 0 < F(z,t) < f(z) for all
t > 0. Therefore

e(t) < G* (54)
forallt > 0.
From (52), we can derive
/p(m, t+ 1)F(x,t)dx — e(t)
D
JIF(z,t) — e(t)*p(z,t) dz
=2 >0. (55)

e(t) + w(t)

It follows from (A3) that

e(t+1) = /p(x,t+ F(z,t+1)dx

D
> /p(a;t—l—l)F(a;t) dz.
D

(56)
Thus
e(t+1) > e(t) (57)
for all ¢ > 0. Therefore, lim;_, o e(t) exists. Let
G- lim e(t). (58)
We next prove by contradiction that G = G*. Assume that
G <G (59)
It is obvious that
[F(z,t) + w(b)]p(z, t)
t+1) = 60
p(z,t+1) B T w(t) (60)
which establishes
F(x,t—1)+w(t—1)
t) = p(x,0
f(at—2) +w(t—2)
e(t—2)+w(t—2)
F
e(0) + w(0)
Thus
. Fz,t)y+w(t) _ flz)+ M
1 : 1 62
= e(t) + w(t) G+ M > ©2)
for all  with f(z) > G. Therefore
tlim p(z,t) = 400 (63)

for all z with f(z) > G.

Let S = {x |z € D, f(z) > G}. By the assumption stated
earlier in Section II, the Borel measure of S is nonzero, by
Fatou’s lemma, we have

lim /p(a,yt) dzr = +00

t—o00

S

(64)

which contradicts the fact that p(z,t) is a probability density
function. This completes the proof of the Lemma. |
Now, we are in a position to state and prove the main result
in this section.
Theorem 5: For the FDA with GPS, let p(x, 0) be a positive
continuous probability density function on D. Then

(65)

t—oo

D

lim /F(x,t)p(w,t) dx = G*.
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Proof: The proof is by induction on m. Lemma 4 shows
that the theorem is true in the case m = 1. Now, we consider
the case m > 1. We begin with some notation

G(Qicl,t) é ZFJ (."ij,t)

F(z,t)p(z,t) dx

G ('/EC1 Y t) p ('T”Cl ? t) dxCl

H,y (xaut) Fy (‘Idl?t)p (xd1 | xaut) dxdl\al

/

er(t) 2 / Fy (2a,,t) p (w4, t) dza,
/
/

Hy (20,18) 2 [ G (o 0 (2 | . 0)do o

In the above integrals, the regions of integration are the projec-
tion areas of D corresponding to the variables of integration.
Integrating both sides of (50) over x. \,, gives

ps (‘Tdnt)
Fy ($d1 s t)p ($d1 ) t) + f G (mm ) t) p(:v./ t) dxcl\a,l
D

= o0 + (0 - (€0

By c) in Lemma 3

/ G (¢, t) p(x,t) dZe\a,
D
= [ G )p (] 001 (O e,
D

:/G@mﬂM%J%JM@mﬂMmW
D

Then

/G(‘Tcl7t)p($7t) d$01\a1 =p(%a,,t) Ha(za,,t).  (67)

D

Substituting b) in Lemma 3 and (67) into (66) yields

)= p(xa,,t) [F1(2a,,t) + H2 (a:al,t)].

p(xd17t+ 1 e(t) +w(t)

(68)

Integrating both sides of (68) over x4,\q, gives

P (Tay; t) [Hi (a,, 1) + H> (€a,, )]
e(t) + w(t) '

p(Za,,t+1)= (69)

By (68) and (69)

p(xlh | xa17t+ 1)
_ p(x(h | xﬂq?t) [Fl (xdnt) + Ho (‘/1:(1'17t)]. (70)
Hl (xal7t)+H2 (maut)

For any fixed z,,, let p(z4,,t) and w(t) in Lemma 4 be
p(za, | Ta,,t) and Ho(z,,,t), respectively, we obtain

tl_i)nolo Hy (z4,,t) = K (x4,) 71
where K(z,,) = max,, ., fi(z4,). From the proof of
Lemma 4, we also know that

Hy (2q,,t+1) > Hy (24,,1) (72)
for all ¢ > 0. Similarly, we can obtain
o (o t) = PG (G (e, ) 4 Hy 8]

E(t) + w(t)
From b) in Definition 2, without loss of generality, we can as-
sume that a1 C ds. Let
L (e, 1) = G ey, 1) + Hi (20, )
= [Hy (2a,,t) + F2 (xa, )] + Y Fj (2a,.t) -
=3

(74)

We can treat [H1 (2, ,t)+ f2(24,,t)] as one subfunction. Then,
L(z.,,t) has m — 1 subfunctions. By the induction hypothesis,
we have

tli)rgo L(ze,,t)p(xc,,t)dz,,
= max | K (z4,) + > filza,) |- (5)
1 =
Note that
B(O) = [ L(s0,.0)p (5ey.1) ds, 6)
and
G* = max | K (za,) + i Fj (z4,) (77)
1 =
Therefore, we have
fh_}go e(t) = G*. (78)
This completes the proof of this theorem. [ |

Note that proportional selection is a special case of GPS. We
now have Theorem 6.
Theorem 6: For the FDA with proportional selection, if
p(z,0) is positive and continuous, then
lim E(t) = G*.

t—oo

B. Discussions

1) Infinite Population Versus Finite Population: The results
in this section are for the infinite population model of FDAs.
However, all practical FDAs work with a finite population.
Therefore, it is important to study the approximation error
of the infinite population model. We have been unable to
obtain an upper bound of approximation error for general
FDA. In the following, we consider the behavior of UMDA
(which is the simplest version of FDA) with finite and in-
finite population in the case when the objective function
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f@) = (1/m) S0 @D = [0,1],p(x,0) = 1 and the
selection scheme is proportional. The UMDA with infinite
population can be described as the following.

Step 1) Proportional Selection

f(év) (:17 t)
P t) = ff p(x,t)de’ (79
Step 2) Variation
plz,t+1 Hpt zi,t+1). (80)

We can prove that p(x, t) in the above algorithm has the form

n

p(w,t) = [ ] g:(:) (81)
i=1
where g;(*) is a polynomial of order ¢
t
s) = Z at,ist (82)
i=0

apo = land a;; (t > 1,4 = 0,1,2,.
recursively

,t) can be computed

n—1

at41,0 =

1
n—1
41,k = a1 + (”Z L+2> arp-1, 1 <k <t

+ —1
At
n Qt t-
< ; Z+2> "

Thus, E(t) (as defined in Section II-A) becomes

t
Qt,i

iy

There are several ways to implement UMDA with a finite pop-
ulation, We consider UMDA using fixed-width histogram mar-
ginal models [34], which works as follows.

Step 1) Sett :=0and p(z;,0) =1foralll <i < n.

Step 2) Generate N points in D from p(z,t) =
[T;_, pi(z;,t) to form the population Pop(t).

Use proportional selection to select M points from
Pop(t) to form Pop?(¢).

Compute p;(z;,t + 1), the fixed-width histogram
marginal distribution on each z; in Pop®(t).

Step 5) Sett := 1t + 1 and go to Step 2).

In the marginal fixed-width histogram distribution model, the
search space for each variable x; (which is [0, 1] in our case) is
divided into H bins. The probability density is constant in each
bin. In our experiments for the above two algorithms, we con-
sider the case n = 3 and weset N = M = H = 100 for
the algorithm with finite population. Fig. 1 shows the evolution
of the average objective function value for UMDA with infinite
population, the mean and standard deviation of the average ob-
jective function value for ten independent runs of UMDA with
finite population. We can see that the long term behaviors of

at,0

At 41,t4+1 =

E(t) =

Step 3)

Step 4)

1

0.9+

0.8

0.7}

0.6

0.5

04} — UMDA with finite population
. -+ UMDA with infinite population
- - Standard deviation

0.3}

0.2}

011

oI‘Jﬁ‘.\lh—N‘\‘r-————l——‘——l——--——1— ————— [ |
0 50 100 150 200 250 300 350
generation

Fig. 1. Evolution of the average objective function value for UMDA with

infinite population, the mean and standard deviation of the average objective
function value for UMDA with finite population.

two algorithms are quite similar. The discrepancy comes from
sample fluctuations.

2) FDA and Building Blocks: 1If a point in the search space
is expressed by a vector in an EA, a building block is originally
defined to be a vector in which the values of several variables are
fixed, while the other variables are free. The main concern about
building blocks in EAs is their distributions. Mathematically, the
distribution of a building block is a marginal probability. There-
fore, we can identify a building block as a subvector. To optimize
the objective function (46), the FDA only considers the building
blocks x4, and x,; and generates the new population based on
only p*(zg4,,t) and p°(z,,,t), the marginal probabilties of x4,
and z,, in the parent set. The length of each subvector should
be much smaller than that of  in many applications. Therefore,
it will be relatively easy to estimate these marginal probabili-
ties. Our results imply that the utilization of some appropriately
selected short building blocks is sufficient to guarantee the con-
vergence of a population-based algorithm for the optimization
of an ADF function, and other building blocks can be neglected.

V. CONCLUSION

EDA is a population-based optimization algorithm using esti-
mation of distributions instead of the manipulation of strings, as
is common in evolutionary algorithms. The main advantage of
EDAs is that they can handle the interrelations among the vari-
ables explicitly. In this paper, the global convergence of EDAs
has been shown when the distribution of the next generation is
the same as that of the parent set. We have also proved the global
convergence of the FDA in some cases. Our results imply that it
is appropriate to approximate p(x, t+1) to p*(z,t) in designing
practical population-based algorithms, and it is sufficient to con-
sider some selected crucial dependence relationships for the op-
timization problem of an ADF function in terms of convergence.
The convergence proof is only valid for an infinite population.
Several difficult questions remain: Does FDA converge glob-
ally under truncation or tournament selection? How many points
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does one need to estimate to obtain a reliable distribution? For
discrete problems the latter question has been investigated in
[33]. The answer to this question turns out to be not very infor-
mative: the more difficult the optimization problem is, the more
difficult the distribution is to estimate.
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